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CHAPTER 5§
Analytic Trigonometry

Section 5.1

Using Fundamental Identities

(a) Reciprocal Identities

. 1
sinu =
csc u
1
cosu =
sec u
sin u
tanu = =

cotu cos u
(b) Pythagorean Identities
sin?u + cos®u =1
1 + tan? u = sec’ u
1 + cot?u = csc®u

(¢c) Cofunction Identities
N
sin| — — u| = cosu
2
t 7 t
an| — —u| = cotu
2

T
sec| — —u| =cscu
2

(d) Negative Angle Identities
sin(—x) = —sinx
cos(—x) = cos x

tan(—x) = —tanx

identities.

csCu =

SseC u =

cotu =

B You should know the fundamental trigonometric identities.

1 cos u

tanu  sinu

™ .
cos| — —u|=-sinu
2

t7T t
cotl— —u| =tanu
2

T
CSCE_M = secu

sec(—x) = sec x

csc(—x) = —cscx

cot(—x) = —cot x

B You should be able to use these fundamental identities to find function values.

B You should be able to check your answers with a graphing utility.

B You should be able to convert trigonometric expressions to equivalent forms by using the fundamental

Vocabulary Check

1. secu 2. tan u
5. tan?u 6. csc?u
9. —tanu 10. cos u

3. cotu

7. sinu

4. cscu

8. secu

379



380 Chapter 5  Analytic Trigonometry
. 3 V3o
1. sinx = —, cosx = 7’ x is in Quadrant I. 2. csc0=2,tan O = T, 6 is in Quadrant I.
tan 1/2 V3 sin 6 !
x = ——— — I l —_— -
V32 V303 2
cotx = /3 3
coth=—=3
cscx =2 V3
Secx:i:& cos § = cot@sin @ = ——
V3 2
echo 2 23
J3 3
. 2 .. 3
3. sec 0= V2,sin 0 R => 0 1is in Quadrant I'V. 4. tanx = \3@ Sx = — % x is in Quadrant III.
o= 2 | NE% 1
cos O = =—=—— = _N2 _
sec /2 2 sinx = 2 2
ing —V2/2
tn0—sm = f/ = -1 CSC X = — = =2
cos 0 J2/2 sin x
oo ] 1 2 23
= = secx = =——=—-——
0 tan 6 Cos X J3 3
csc = —U2 3
tx = =—=1J3
Ot T anx 3 V3
7 —25 V26
S. tanx = S SeexX = - => x is in Quadrant III. 6. cot p = —5,sin ¢p = 6 ¢ is in Quadrant II
_ 24 _ . _ —5J26
cotx = 7 cos ¢ =cot¢ - sin ¢p = 26
cos 24 t !
X = ——— — = ——
25 an ¢ cot ¢ 5
sinxz—\/l—coszx——l csc ¢ = ! A—\/
25 sing /26
csex — __25 sec § — 1 —26 _ —26
sin x cosd  5./26 5
7. sec ¢ = 15 sin ¢ = 17 ¢ is in Quadrant II.
= 15
cosp = ——
17
& 17
cscp = —
8
tan ¢ — 8/17 8
We= 517 15
1
cot p = B

8
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3 4 2 2
8. cos(%r - x) =508y =g, x is in Quadrant 1. 9. sin(—x) = —sinx = 3= sinx = 3
sinx = /1—<ﬂ>2=é i —gt ——ﬁ is i drant II
5 5 sinx = 3 an x = 5 = Xx is in Quadrant II.
sin 35 3 4 5
tan x = 2.2 cosx = —+/1 —sin?x = — /1_,:_£
cosx 5 4 4 9 3
1 5 1 J5
CSCX = —; = — cotx = - _ Y=
sinx 3 tan x 2
_ 1 _5 1 35
Secx = =7 sec x = = —-——
cosx 4 COS X 5
. 1 4 1 3
CcO = —= = = —
o tan x 3 csex sin x 2
. cscx = 5,cosx > 0, xisin Quadrant L. 11. tan 6 = 2,sin # < 0 = 6 is in Quadrant III.
sinx = 11 sec = —Van? 0+ 1=—-5
cscx 5 1 NG
cosf=——=———
2.6 -5 5
cosx = ——
5 1
cotf = —
sin x 1 5 J6 2
tan x = === —
cosx 5 26 12 sinf=—1 —cos? 6
sec x = ! > _5‘/6 - _ 1_1__ i_;Z_—Zﬂ
cosx 26 12 B 5 5 Js 5
1
cotx =—— =276 csc O = _ﬁ
tan x 2
. sec # = —3,tan 6 < 0, 0 1is in Quadrant II.
1
cos 0 = 3
tan?f=sec2f—1=9—1=8 = tanf=—/8=-2.2
cot 6 = ! =;ﬂ
-2V2 4
1 2V2
sin @ = tan 6 cos 6 = (—2ﬁ)<—3> = Tf
cpo 332
2/2 4

. ¢sc Ois undefined and cos 0 < 0 = 60 = .

sin =0
cos = —1
tan 6 = 0

cot 6 is undefined.

sec ) = —1
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14. tan 6 is undefined, sin 6 > 0.

sin 6 . .
tan 0 = 0 is undefined = cos 6 = 0.

sinf=JV1—-0%=1

1
15. secxcosx = —— - cosx = 1
COS X

Matches (d).

17. cot?x — csc?2x = cot?x — (1 + cot?x) = —1

Matches (b).

sin(—x) —sinx
= = —tan x

19. =
cos(—x)  cosx

Matches (e).

21. sin x sec x = sin x( > = tan x

COS x

Matches (b).

23. sec*x — tan* x = (sec?x + tan2 x)(sec?x — tan? x)

(sec?x + tan?x)(1)
= sec’?x + tan®x
Matches (f).

2 2 i2
sec’x — 1 tan“x  sin‘x 1
25. = = .

sin? x sinfx cos’x sin%x

Matches (e).

. cosx .
27. cotxsinx = — sin x = cos x
sin

29. sin ¢(csc ¢ — sin ¢p) = sin ¢ csc ¢ — sin® P

=sin¢ - —— — sin’¢

1
sin ¢
=1—sin’¢

= cos’ ¢

= sec?x

1

16.

18.

20.

22,

24,

26.

28.

30.

1
sinx 1 1
tan x csc x = = = secx

cosxsinx  CoOSx

Matches (a).

. 1 .
(I — cos?x) csc x = sin? x<7> = sin x
sin x
Matches (f).

sin[(7/2) — x]  cosx
= = cotx

cos[(m/2) — x] sinx

Matches (c).

cos? x(sec2x — 1) = cos?x tan®?x = sin?x

Matches (c).

COS X 1 1
sinx cosx sinx

cotx sec x =

= CSC X

Matches (a).

cos¥[(m/2) —x] _ sin*x  sinx

= sin x
cOos X COS X  COS X
= tan x sin x
Matches (d).
sin 8 .
cos Btan B = cos B = sin B
cos 3

sec2x(1 — sin? x) = sec? x — sec?x sin? x

1 )
=sec?x — T sin? x
cos? x
5 sin? x
=sec’x — ——
cos? x

=sec?x — tan®x = 1
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CcsC x 1 sin x 1
31. = — . = = secx
cotx sinx COSX COSX
sin .
33. sec « = (sin a) cot «

tan « CcoS «

_ 1 (sin a)<cos a) .

CcoS « sin «

(T 1
35. sin|— — x|cscx =cosx * —— = cotx
2 sin x

cos’y 1 —sin?y

37. = .
1 —siny 1 —siny

_ (1 +siny)(I —siny)

1 —siny

=1+siny

39. sin 6 + cos O cot O = sin O + cos 0098 0
sin 0

sinZ 6 + cos? 6
sin 6
1

= — = ¢sc O
sin 0

40. (sec 6 — tan H)(csc 6 + 1) =
cos 0

(1 — sin 0)( "

sec 6 . _
32. csc B cos Gsm 6 = tan 0
3, tan>0  sin’ 6 1

sec2@® cos2 6 sec’

sin? 6 1 sin? 0 cos? 0 =
=— = : = sin2 0
cos” 6 1 cos” 0
cos? 0

T
36. cot(E - x> COS X = tan x cos x

sin x .
= © COSX = Sinx
CoS X

11
cot?x +1 csc?x

= sin? x

38.

+
1)

1 1
= (1 — sin 6)(1 + sin ) ——

cos 0

1

1
= ————cos? 60 =coth

cos Osin 0

cos§ _ cosf 1 +sinf
1 —sinf 1—sinf 1+sin6

41.

_cos O(1 + sin 6)
1 —sin? 6

cos (1 + sin 6)
cos? 0

I +sinf

=———=3secH+ tan 0
cos 0

cos 6+ sin 0

sin 6

Il tescl _ 1+ csc6
cot @ + cos @ cos Bcsc O + 1)

42.

1
= = 0
cos 0 sec
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43.

44.

45.

47.

"1+ sech tan 6

49.

1 + cos 0 sin 1+ 2cos 6+ cos’> 6 + sin® 9
sin 6 1+ cos 6 sin 6(1 + cos 0)

2+ 2cos 0
sin 6(1 + cos )

2(1 + cos )
sin 6(1 + cos )

2
—m—ZCSCO

sin @+ cos 6 cosf — sinf

- =1+ -1+
sin 0 o5 1+ cotf®— 1+ tan 6

= cot 6 + tan 0

cos @  sin 6
sinf cos 6

cos? 6 + sin? 6
sin 6 cos 6

1

= —————=g3ecfHcsc b

sin 6 cos 6

1 ’sine_ 1
sinf® cosf cos6

csc ftan O = = sec 0

si 1 — cos 0 — sin? 6

1_l—cos()_ 1 —cos @

cos? 0 — cos 0
1 —cos @

cos B(cos 6 — 1)
1 —cos @

= —cos 60

tan 0 +1-I—sec(?_tanze—i-1-}—2sec(9~l-se<:2(9
(1 + sec f)tan

_ 2sec? 0 + 2sec 6
(I + sec 6)tan 6

_ 2sec B(sec 6 + 1)
(1 + sec 0) tan 0

_ 2sec 6

tan 0 =2csc
cot(—6@) cos(—6) .
= 6
csc 0 sin(— 6) s
= CO.SO sin @ = —cos 0

—sin 6

T
CSC(Z 0) _ _sec 6
tan(— 6) —tan

46. sin Ocsc 0 — sin? 0 =1 — sin? 0 = cos? 0
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51.

53.

55.

57.

58.

59.

60.

61.

63.

65.

cot?x — cot? x cos?x = cot®> x(1 — cos? x)

cos’x . , )
= ———sin’x = cos’ x
sin? x

cos?x —4  (cosx + 2)(cosx — 2)
cosx — 2 cosx — 2

=cosx + 2

tan* x + 2tan?x + 1 = (tan2x + 1)2

= (sec?x)? = sec*x

sin* x — cos* x = (sin? x + cos? x)(sin%? x — cos? x)

= (1)(sin%? x — cos?x) = sin®?x — cos® x

52.

54.

56.

seczx tan? x + secZx = sec?x(tan?x + 1)

= sec? x(sec2 x) = sec*x

csc?x — 1 (cscx — 1)(cscx + 1)
cscx — 1

=cscx + 1
cscx — 1

1 — 2sin?x + sin*x = (1 — sin? x)?

= (cos?x)? = cos*x

sec*x — tan*x = (sec?x + tan? x)(sec? x — tan?x) = sec? x + tan®x

cscdx —cesc?x —cescx + 1 =csc?x(escx — 1) — (cscx — 1)

= cot?x(cscx — 1)

= (csc?2x — 1)(cscx — 1)

sec’x —sec?x —secx + 1 = sec?x(secx — 1) — (secx — 1)

= (8602X — 1)(SGCX - 1)

= tan® x(sec x — 1)

(sinx + cos x)2 = sin?x + 2 sin x cos x + cos? x

= (sin%? x + cos?x) + 2 sin x cos x

1 + 2 sin xcos x

(cscx + 1)(cscx — 1) = csc?x — 1 = cot?x

1 N 1 I —cosx + 1+ cosx
1 +cosx 1—cosx (14 cosx)(l — cosx)
B 2
1 — cos?x
2
sinx
= 2csc?x

“secx + 1

62. (tanx + sec x)(tan x — sec x) = tanZx — sec?x

=1

64. (5 — 5sinx)(5 + 5sinx) =25 — 25sin%x

= 25(1 — sin®x)

= 25 cos? x

1 1

_secx — 1 — (secx + 1)

secx — 1 (secx + 1)(secx — 1)

secx — 1 —secx — 1

sec2x — 1
-2
tan? x

()
tan? x

= —2cot>x
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sec’x tan®’x —sec’x  —1
67. tanx — = = = —cotx
tan x tan x tan x
68, _COSX l+sinx:coszx+1+25inx+sin2x
"1+ sinx cos x cos x(1 + sin x)
2+ 2sinx
cos x(1 + sin x)
= = 2secx
COS X
60 siny 1 —cos?y 5 tanx — secx _ 5(tanx — sec x)
"1—cosy 1—cosy “tanx + secx tanx —secx  tan®x — sec’x
~ (1 + cosy)(1 — cosy) _ 5(tanx — sec x)
1 —cosy -1
=1+cosy = 5(sec x — tan x)
- 3 osecx +tanx _ 3(secx + tanx) tan’x  cscx — 1 tan?x(cscx — 1)
“secx —tanx secx +tanx  sec’x — tan?x "esex+1 escx—1  eselx— 1
_ 3(secx + tan x) _ tan® x(cscx — 1)
1 cot? x
= 3(sec x + tan x) = tan® x(csc x — 1) tan2 x
= tan* x(csc x — 1)
73. y, = cos(%r - x), y, = sinx 10
=)
x |02 0.4 0.6 0.8 1.0 1.2 1.4
¥, | 0.1987 | 0.3894 | 0.5646 | 0.7174 | 0.8415 | 0.9320 | 0.9854 1
v, | 0.1987 | 0.3894 | 0.5646 | 0.7174 | 0.8415 | 0.9320 | 0.9854 Conjecture: y, = y,
74. y, = cosx + sinxtanx,y, = secx 6
x | 02 0.4 0.6 0.8 1.0 1.2 1.4 Y=Y
v, | 1.0203 | 1.0857 | 1.2116 | 1.4353 | 1.8508 | 2.7597 | 5.8835 . s
0
v, | 1.0203 | 1.0857 | 1.2116 | 1.4353 | 1.8508 | 2.7597 | 5.8835
Conjecture: y, = y,
COS X 1 + sinx
75. y1=1_7., Yo ="
sin x COS X
x |02 0.4 0.6 0.8 1.0 1.2 1.4
v, | 1.2230 | 1.5085 | 1.8958 | 2.4650 | 3.4082 | 5.3319 | 11.6814 "
v, | 1.2230 | 1.5085 | 1.8958 | 2.4650 | 3.4082 | 5.3319 | 11.6814 Conjecture: y, = y,

© Houghton Mifflin Company. All rights reserved.
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76. y, = sec*x — sec’x,y, = tan’x + tan*x

1200

x |02 04 0.6 0.8 1.0 1.2 14
¥, | 0.0428 | 0.2107 | 0.6871 | 2.1841 | 8.3087 | 50.3869 | 1163.6143 ol
¥, | 0.0428 | 0.2107 | 0.6871 | 2.1841 | 8.3087 | 50.3869 | 1163.6143 )
Conjecture: y, = y,
77. y, = cos xcotx + sinx = csc x 78. sin x(cotx + tan x) = sec x
4 4
. W N . . -y L L. .
= =
cos x
79. y, = secx T+ sinx tan x
2
oq|E - < ~|2n
-2
80. y, = 1(1 + sin 0 cos.f) )
2\ cos @ 1 + sin 6
v, and y, = sin 6 v, and y, = cos 0 v, and y, = tan 0
4 4 4
by yll‘. A H Dot oy,
. R A
-4 -4 —4
1
yiandy, = sin 0 =csc 0 yiandy, = o3 0 = sec 0 y;and y, = an = cot 6
4 4 4
_.u yl"\_‘;LﬂI:yZ e - .'x_f'.}’lz)’z . _.'f:.yl _‘ x,—'__ yz'-.__‘ .
27 2w 27 2w -2 = - S 27
. i . | . | .
It tht1<1+sin(9 cos 6 ) o
r = = .
WP TN Tcos 0 1 +sing)  C

81. /25 —x2= /25 — (5sinh)>?, x =5sin 0
= /25 — 25sin% 6

= /251 — sin® 6)

= /25cos? 0

= 5cos 6

82. Let x = 2 cos 6.
64 — 16x2 = /64 — 16(4 cos? 6)
=81 — cos?
= 8sin 6
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83. Vx2—9=/(3sech)?—9, x=3sech

= V9sec?6 -9
= VO0ec? — 1)
= /9 tan’6

= 3 tan 0

85.x=3sin0,0<0<g

V9—x2= /9 —-9sin2 0
= /9 cos>0 = 3cos 0

87. 2x=3tan0,0<0<g

9tan’ 0 + 9

= /9sec?§ =3sech

42+ 9

89. 4x=3sece,0<e<7—27

V1632 =9 = /9sec20 — 9
= /9tan’ # = 3 tan 0

91.x=ﬂsin0,0<0<g

V2 —x2=J/2—2sin?0
= J2cos?2 0= /2cos 0

93. sin = /1 — cos? 6
Lety, = sinxand y, = m,o < x < 2.
v, =y, for 0 < x < 1, so we have

sin® = 1 —cos2f0for0 <6< m

2

Y2

Y1

o

-2

95. sec = /1 + tan? @

1
Lety, =——andy, = V1 + tan’x, 0 < x < 2.
' cosx 2

3
Vi =y2f0r0£x<gand7w<x<27T,sowe

84.

86.

88.

90.

92.

94.

Let x = 10 tan 6.

x> 4+ 100 = /(10 tan 6)> + 100
V/100(tan* 6 + 1)
/100 sec? 0
10 sec 6

x=2cos@,0<0<g

J4— 2= /4 —4cos? 6
= J/4sin? @ = 2sin 6

3x=2tan0,0<0<g

9% + 4= J4tan’ 0 + 4
= J4sec? 0 =2sec

3x=55609,0<6<g

J9x2 — 25 = /25 sec? 6 — 25
= J/25tan®* @ = 5tan O

x=ﬁcos@,0<0<g

J5—x2=/5—5cos6
= /5sin? 0 = /5sin 6

cos = —/1 —sin” 0
Lety, = cos fand y, = —/1 — sin? 6.

3

<0< —
<6< 5

yi = y, for

Ny

2

o

~

W

- )
n
B

27

have sec 6 = /1 + tan? @ for 0 < 0<gand37ﬂ-< 6 < 2.
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96.

98.

100.

102.

104.

106.

108.

tan § = Vsec2 9 — 1

3
ose<g,ws 9<77T

In|csc 6] + In|tan 6] = In|csc 6 - tan 6]

= In|sec 6|

In|cot¢| + In(1 + tan?7) = ln[|cot 1|(1 + tan? t)]

(1 +tan?y)

|tan 7|

1 tan? ¢
+

tan ¢

tan 7

= In|cot ¢ + tan ¢|

Let 6 = 23l Then

2
tan0=tan?ﬂ-= -3 # Jsec?26— 1= 3.

Let 6 = 7. Then
secl=secm=—1% V1 +tan?2 0= 1.

Let 0 = :%T Then

C0t0200t¥= —1# Jesc20—1=1.

tan2 0 + 1 = sec? 0
(a) 6= 346°
(tan 346°)% + 1 =~ 1.0622

2
(sec 346°)% = ( o) ~ 1.0622
cos 346
(b) 6 =23.1
(tan 3.1)2 + 1 =~ 1.00173
2
(sec3.1)2 = ( > ~ 1.00173
cos 3.1

97.

99.

101.

103.

105.

107.

109.

0
In|cos 6] — In|sin 6] = In |C?S _ In|cot 6
|sin 6]
L
In(1 + sinx) — In|sec x| = ln‘lsmx
sec x

= In|cos x(1 + sin x)|

Let 0 = h Then

6
cosH=cos%T= —?# V1 —sin20=§.
LetGZS%T.Then
sin6=sin5?ﬂ-= —?# V1 —cos20=§.

Let 0 = 7777 Then

CSCOZCSC%TZ -2 # J1+ co?2 6= 2.

(a) csc?132° — cot?132° =~ 1.8107 — 0.8107 = 1

2 2
(b) 0502777 - cot2777 ~ 1.6360 — 0.6360 = 1

cos(z - 0) = gin 6
2

(a) 6= 80°
cos(90° — 80°) = sin 80°
0.9848 = 0.9848

(b) 6 =08

cos(%r - 0.8) = sin 0.8

0.7174 = 0.7174
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. . 1
110. sin(—6) = —sin 0 111. cscxcotx — cosx = —— « 2% _ o5 x
sinx sinx
a) 0= 250°
@ = cos x(csc?x — 1)
sin(—250°) ~ 0.9397
= cos x * cot®> x
— (sin 250°) = 0.9397
1
b) 6=
(b) >
i ( 1) 0.4794
sinf —— | = —0.
2
( i 1) 0.4794
—|sin=| = —0.
2
| i
112. sec xtanx — sinx = L sin x 113. True for all 6 # nw
COS X COS X
. 1
= sin x[sec?x — 1] sin 6 - csc 6 = sin 0(7) =1
sin 6
= sinx - tan% x
114. False 115. Asx — 777 sinx — 1 and cscx — 1.
T
0 —#1
cos 0 sec -
116. Asx — 07, 117. Asx — 777, tanx — oo and cotx — 0.
cos x — 1 and sec x = — 1.
CoSs X
118. Asx — =",
. 1
sinx—>0andcscx = — — —oo.
sin x
119. sin 0 120. cos 6
cos =+1 —sin® 0 sin = +1 — cos? 0
sin 6 sin 6 sin 6 V1 —cos? 6
tan 0 = =+ = tan 0 = ==
cos 0 V1 —sin? 6 cos 6 cos 0
csc 0= ! 2] ! !
= - csc O = =+
sin 0 sin 6 V1 — cos? 0
sec 6 = S S L
V1 —sin? 0 SeC9_(:056
— Qin2
coth =+ l'sme cot f = 1 _ . cos 0
sin 6 tan 0 V1 —cos? 0

The sign + or — depends on the choice of 6.

The sign + or — depends on the choice of 6.

© Houghton Mifflin Company. All rights reserved.
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adj
hyp
From the Pythagorean Theorem,
(opp)* + (adj)* = (hyp)

sin? 0 + cos? 0 = 1.

121. sin 6 = @, cos 6 =
hyp

123. f(x) = = sin mx
Period: 2m =2
T

Amplitude: —

125. f(x) = %cot(x + %’)

Period: 7

Section 5.2

122.

124.

126.

sin? 0 + cos? 0 = 1

sin? @  cos’0 1
sin?f sin?6  sin% @

1+ cot2 0 = csc? 0
sin2 @ + cos?20 =1

sinf  cos?f 1

cos? 0 cos?h cos’f

tan2 0 + 1 = sec? @

flx) = —2tan%

flx) = % cos(x —m + 3

Amplitude: % y

Verifying Trigonometric Identities

(c) Use the fundamental identities.

(d) Convert all the terms into sines and cosines.

B You should know the difference between an expression, a conditional equation, and an identity.
B You should be able to solve trigonometric identities, using the following techniques.
(a) Work with one side at a time. Do not “cross” the equal sign.

(b) Use algebraic techniques such as combining fractions, factoring expressions, rationalizing
denominators, and squaring binomials.
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Vocabulary Check

1. conditional 2. identity 3. cotu 4. sinu
5. tanu 6. cos u 7. cos?u 8. cotu
9. —sinu 10. secu
. . 1 1
1. sintcsct =sint|— | =1 2. secycosy = cosy =1
sin ¢ cos y
csc? x 1 sin x 1 sin’t  sin®t )
3. =——" = 4. —— = —— = cos’t
cot x SIN“ X COS X SIn X * COS X tan“ ¢t sin“ ¢
_ cos? ¢t
= CSCX * Secx

5. cos’B — sin? B =

7. tan? 0 + 6

1 — 2sin?

(1 — sin?*B) — sin’B

B

=(tan20+ 1)+ 5

9. (1 + sinx)(1

1

1. ——
sec x tan x

_cscx

sec2 + 5

—sinx) = 1 — sin?x = cos? x

COoS X

COS X * —
sin x

cos? x

sin x
1 — sin%x
sin x

- — sinx
sin x

cscx — sinx

1 p—
1 sinx

12. y,

1 —sinx

1 —sinx

1 —sinx

1

sin x

1
sin x

cscx =y,

1 — sinx

6. cos?> B — sin? B = cos> B — (1 — cos? B)
=2cos’?B -1

8. 2—csc2z=2—(cot2z+ 1) =1 — cot?z

10. tan? y(csc?y — 1) = tan? ycot?y = 1

x 102 0.4 0.6 0.8 1.0 1.2 14
v, | 4.8348 | 2.1785 | 1.2064 | 0.6767 | 0.3469 | 0.1409 | 0.0293
v, | 4.8348 | 2.1785 | 1.2064 | 0.6767 | 0.3469 | 0.1409 | 0.0293
x |02 0.4 0.6 0.8 1.0 1.2 1.4
v, | 5.0335 | 2.5679 | 1.7710 | 1.3940 | 1.1884 | 1.0729 | 1.0148
¥, | 5.0335 | 2.5679 | 1.7710 | 1.3940 | 1.1884 | 1.0729 | 1.0148
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13. cscx — sinx = — — sinx x |02 0.4 0.6 0.8 1.0 1.2 1.4
sin x
: . vy, | 4.8348 | 2.1785 | 1.2064 | 0.6767 | 0.3469 | 0.1409 | 0.0293
— sin? x
= sin x y, | 4.8348 | 2.1785 | 1.2064 | 0.6767 | 0.3469 | 0.1409 | 0.0293
_cos?x
sin x
cos x
= COS X * —
sin x
= CcoSXx * cotx
14. y, = secx — cosx = — cosx x | 02 04 0.6 0.8 1.0 1.2 14
cos x
1 —cos?x y; | 0.0403 | 0.1646 | 0.3863 | 0.7386 | 1.3105 | 2.3973 | 5.7135
cos x v, | 0.0403 | 0.1646 | 0.3863 | 0.7386 | 1.3105 | 2.3973 | 5.7135
_sin®x
cos x
) <sin x>
= sin x
cos x
= sin x tan x
=N
. . Cos x
15. sinx + cosxcotx = sinx + cos x —;
in x
_ sin? x + cos®x x |02 0.4 0.6 0.8 1.0 1.2 1.4
— v, | 5.0335 | 25679 | 1.7710 | 1.3940 | 1.1884 | 1.0729 | 1.0148
= sirllx v, | 5.0335 | 25679 | 1.7710 | 1.3940 | 1.1884 | 1.0729 | 1.0148
5
= cscx
015
0
16y, = cosx + sinxtan x x 02 |o4 los |os |10 |12 |14
in2
— cosx + Scl(‘)‘S;‘ vy, | 1.0203 | 1.0857 | 1.2116 | 1.4353 | 1.8508 | 2.7597 | 5.8835
y, | 1.0203 | 1.0857 | 1.2116 | 1.4353 | 1.8508 | 2.7597 | 5.8835

cos?x + sin?x

COS x

COS x

secx =y,
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7. L4 L _cotx+tanx x]02 Jo4a los [os |10 |12 |14
tanx cotx tan x - cotx
vy | 5.1359 | 2.7880 | 2.1458 | 2.0009 | 2.1995 | 2.9609 | 5.9704
= cotx + tan x
¥, | 5.1359 | 2.7880 | 2.1458 | 2.0009 | 2.1995 | 2.9609 | 5.9704
6
w
0 1.5
0
1 1
18. y, = — - x | 02 0.4 0.6 0.8 1.0 1.2 14
sinx cscx
. v, | 4.8348 | 2.1785 | 1.2064 | 0.6767 | 0.3469 | 0.1409 | 0.0293
=cscx — sinx =y,
v, | 4.8348 | 2.1785 | 1.2064 | 0.6767 | 0.3469 | 0.1409 | 0.0293
19. The error is in line 1: cot(—x) # cot x. 20. There are two errors in line 1:
sec(—6) = sec 6 and sin(— ) = —sin 6.

21.

22,

23.

25.

sin'/2 x cos x — sin®2 x cos x = sin!/2 x cos x(1 — sin?x) = sin'/2x cos x - cos?x = cos? x/sin x

sec® x(sec x tan x) — sec* x(sec x tan x)

COt(lT -
) X

)CSCX = tan x csc x

_sinx 1

cosx sinx

1
= = secx
cOos X

1/sin(—x)

1/cos(—x)

cos(—x)
sin(—x)

COS x

—sin x

—cotx

sec* x(sec x tan x)(seczx — 1)

sec* x(sec x tan x) tan? x

sec x tan> x

sec(m/2 — x) _ cscx

" tan(w/2 —x)  cotx

26. (1 + siny)[1

1
sin x

1

COS x

+ sin (—

sin x

COS x

= SeC x

y)] = (1 + siny)(1 — siny)

=1—sin?y

= cos?y
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7 cos(—0)  cosf 1 + sin 6 » 1 + cse(—6) _l—csch
"1+sin(—=6 1—sin® 1-+sind " cos(—6) +cot(—6) cos f — coth
_cos O(1 + sin 6) _ 1 —csch
= 7\
1 = sin®§ cosf)(l— - )
. sin 6
~ cos O(1 + sin 6)
- cos0 __l—cscl
cos 6(1 — csc 6)
1 +sin6
cos 6 = 1
cos 6
1 n sin 6 B 0
cos 6§ cos 0 - e
= sec § + tan 0
sin x cos y N cos x siny
29 sinxcosy + cosxsiny  cosxcosy cosxcosy  tanx + tany
" cosxcosy — sinxsiny cosxcosy  sinxsiny 1 —tanxtany
COSXCOSy  COSXCOSYy
1 1
30 tanx + tany  cotx coty cotxcoty  coty + cotx
"1 —tanxtany | — 1 1 cotxcoty cotxcoty — 1

cotx coty

cosx —cosy sinx —siny _ (cosx + cos y)(cos x — cosy) + (sinx + sin y)(sin x — sin y)
" sinx +siny  cosx + cosy (sin x + sin y)(cos x + cos y)

_cos?x — cos?y + sin? x — sin?y
(sin x + sin y)(cos x + cos y)

1-1
~ (sinx + sin y)(cos x + cos y)
=0
t + cot 1
3p, AT CORY =tany + cotx

tanx coty coty tanx

33 1+sin6_\/1+sin0 1 + sin 6 34 \/1—0050_\/1—c050_1—cos(9
"V 1—sing 1 —sinf 1+siné ) 1 + cos 6 l+cosf 1—cosé
/(1 +sin 6)? _ (1 — cos 6)?
= 1 —sin@ 1 — cos? 0
/(1 + sin ) _ (1 — cos 6)?
B cos? 6 sin? 0

1+ sin 0 1 — cos 6
|cos 6] |sin 6]

Note: Check your answer with a graphing utility.
What happens if you leave off the absolute value?
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3s. sin2<g - x> + sin® x = cos?x + sin>x = 1 36. sec’y — cot2<7§r — y) =sec’y —tan’y = 1
. T . T
37. smxcsc(z - x> = sin x sec x 38. secz<5 - x) —1=csc®?x—1=cot?>x
()
= sinx
cos x
= tan x

39. 2sec?x — 2sec? xsin?x — sin®?x — cos?x = 2sec?x(1 — sin?x) — (sin% x + cos? x)

= 2 sec?x(cos?x) — 1

=2+———-cos’x — 1
cos? x
=2—-1=1
. sin x — cos x . COS X
40. csc x(cscx — sinx) + ——————— 4+ cotx = csc2x —cscxsinx + 1 — — + cot x
sin x sin x
=csc2x — 1+ 1 — cotx + cotx
= csc?x
t Xt 1 1+ (7] 1
41. co?canx: —— = CSC X 4Z.$—cot0=cosa(l+%>—c.osa
sin x sin x sec 0 sin 6 sin 6
LT
sin 6
= cos 0
43. csc*x —2cesc?x + 1 = (esc?2x — 1)2 44. sin x(1 — 2 cos®> x + cos*x) = sin x(1 — cos? x)?
= (cot? x)? = cot* x = sin x(sin? x)?
= sin’ x
45. sec* @ — tan* 0 = (sec? § + tan? H)(sec? § — tan> ) 46. csc* 0 — cot* @ = (csc? 6 — cot? H)(csc? 6 + cot? )
= (1 + tan® 6 + tan? 6)(1) = csc? 0 + cot? 0
=1+ 2tan? 0 =csc2 6+ (csc20— 1)
=2csc?0—1
" sin 1 +cosf _sin B(1 + cos B) 48 cot & csca+ 1 cotalcsca + 1)
"1—cosB 1+cosp 1 — cos’ “esca—1 csca+t 1 csc?a — 1
_sin B(1 + cos B) _ cota(esca + 1)
sin? 3 cot’ a
1 +cosp csca + 1

sin B cot o

© Houghton Mifflin Company. All rights reserved.



© Houghton Mifflin Company. All rights reserved.

Section 5.2

Verifying Trigonometric Identities

397

tan*a — 1  (tana — 1)(tan’ @ + tan a + 1)

tana — 1 tan o — 1

49.

sin® B + cos® B _ (sin B + cos B)(sin? B — sin B cos B + cos? B)

=tan’a + tan a0 + 1

sin B8 + cos B sin B8 + cos B
= sin? B + cos? B — sin B cos B

=1 —sin Bcos B

51. It appears that y, = 1. Analytically,
tanx + 1 + cotx + 1

1 1
+ =
cotx +1 tanx+ 1 (cotx + I)(tanx + 1)

tanx + cotx + 2

cotxtanx + cotx + tanx + 1

tanx + cotx + 2
tanx + cotx + 2

= 1.

52. The function appears to be y = cos x. Analytically,

-2

COS X N sin x * cos x 2

y = 3
1 —tanx sinx — cosx

. 0 6
COS x S x COS X : .-:

1 — (sinx/cosx) sinx — cosx

cos? x sin x cos x

COSX — sinx  CcosSx — Sinx

cos x(cos x — sin x)
= - = COS X.
cos x — sin x

53. It appears that y, = sin x. Analytically,

1 cos?x 1 —cos?x sin?x )
- - = - = — = sin x.
sinx  sinx sin x sin x

2

| N

-2

cos 0
sin 6

55. In|cot 6] = In

. cos 6]
- |sin 6]

= In|cos 6] — In|sin 6|

=sint +

csc?t

csct

56. In|sec 6] = In

cot? ¢

csct

1 + cot?¢
csc t

= cSct.

cos 0
In|cos 6] !

—In|cos 6|

2

54. The function appears to be y = csc ¢. Analytically,
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1
57. —In(1 + cos 6) = In(1 + cos 6) ! 58. —Infesc 6+ cot 6] = —In|—— + <250
sin® sin 6
1 1-
=ln[ . €os 0} 1+ cos 0!
1 +cosh 1—cosb =Inj—/—
sin 0
= lnl—icosze I sin 6 ‘
I = cos™0 1+ cos 6
=lnﬂ n sinf 1 —cosb
sin” 0 1 +cosf® 1 —cosb
= In(1 — cos §) — Insin? @ . sin O(1 — cos 6)
= In(1 — cos 6) — 2 In|sin 6| 1 — cos? 0
I sin 6(1 — cos 6)
sin? 6
—In 1 —cos 6
sin 6

= In|csc 6 — cot 6

59. sin? 35° + sin? 55° = cos%(90° — 35°) + sin? 55° 60. cos? 14° + cos? 76° = sin?(90° — 14°) + cos? 76°

cos255° + sin255° =1 = sin? 76° + cos? 76° = 1

61. cos?220° + cos?52° + cos? 38° + cos? 70°

cos? 20° + cos? 52° + sin?(90° — 38°) + sin%(90° — 70°)
cos? 20° + cos? 52°+sin? 52° + sin?20°

(cos220° + sin?20°) + (cos? 52° + sin? 52°)

1+1=2

62. sin? 18° + sin% 40° + sin? 50° + sin? 72° = (sin? 18° + sin? 72°) + (sin2 40° + sin? 50°)
= (sin? 18° + cos? 18°) + (sin% 40° + cos? 40°)

1+1=2

63. tan® x = tan>x - tan®x 64. sec*x tan’x = sec? x(1 + tan? x) tan® x
= tan> x(sec?x — 1) = (tan? x + tan® x) sec? x

= tan> x sec> x — tan3 x
65. (sin®>x — sin* x) cos x = sin® x(1 — sin?x) cos x = sinx * cos? x * cos x = cos>xsin? x

66.1 — 2cos?x + 2cos*x =[1 — 2cos?x + cos*x] + cos* x = (I — cos?x)? + cos*x = sin*x + cos*x

67. Let 6 = sin"'x = sinf = x = = 68. Let 0 = sin"'x = sin0=x=%.

1
From the diagram, From the diagram,
X -1 — — 2 1
tan(sin~! x) = tan = ———no, ‘X cos(sin™'x) = cos 8 = /1 — x% x
/T — 42
1 X e [] e []

1
e e
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69.

71.

73.

75.

77.

. -1 . -1
Let 6 = sin~' ™ i smOZXT.
From the diagram,
( N 1) x—1
tan| sin =tan § = —F/———.
J16 — (x — 1)?
4 x—1
A [
16— (x — 1)?
uWcos 6 = Wsin 6
Wsin 6  sin 6
m= = =tan 0, W# 0
Wecos 6§  cos 0
True
False. Just because the equation is true for one

value of 6, you cannot conclude that the equation
is an identity. For example,

LT T T
sin?— + cos?—=1# 1+ tan®>—.

4 4 4
@ sinx _ sinx 1—cosx
1+cosx 1+cosx 1—cosx

sin x(1 — cos x)
1 — cos?x
sin x(1 — cos x)
sin? x
1 —cosx
sin x

(b) Not true for x = 0 because (I — cos x)/sin x
is not defined for x = 0.

+ 1 + 1
70. Let 0 = cos ! = — cos =2
2 2
From the diagram,
1 4— (x + 1)
tan(cos‘1 x ) =tan 0 = #
2 x + 1
2 Vi—x+1)y?
/) O]
x+1
72. s = hsm(?O —9) = hc9s 0 = hcot 0
sin 6 sin 0

74. True. Cosine and secant are even.

76. False. For example, sin(12) # sin?(1).

tan x

78. (a)

SeC X — COS X 1

1 1/cosx
1/cos x

Se€C x

tan x

(b) Not true for x = 7 because sec x/tan x
is not defined for x = .



400  Chapter 5  Analytic Trigonometry

sinx  sinx 1 —cosx

79. =
@) 1 +cosx 1 +cosx 1 —cosx
sin x(1 — cos x)
1 — cos?x
sin x(1 — cos x)
sin? x

1 — cosx
= —————— =CSCx — cotx
sin x

(b) The identity is true for x =

SIE!

sin(w/2) 1
1 +cos(m/2) 1+0

=1= cscz— cotz
2 2

81. Va2 — 2= Ja* — a®sin? 0
= /a*(1 — sin? )
= Ja?cos? 0

= acos 6

83. Va? + u? = Ja*+ a*tan? 0
Ja*(1 + tan? 6)
= Ja*sec? 0

asec 0

85. Jtan? x = |tan x|
Letx = 3777 Then, Vtan?x = J/(—1)? =1 # tan(%)

86. sin 0 = /1 — cos? 6.
True identity is sin § = ++/1 — cos? 6.

3
For example, sin § # /1 — cos? 0 for § = 777:

3
sin(%)z—li JI—0=1

. [(12n + 1)77}

1
88. sin c = sin[g(IZnﬂ' + 'n')}

s'n(2 + 7-r> s'nﬂ- !
= sin| 2n — | =sin—=—
"6 6 2

(12n + )

Thus, si
us sm[ 5

1
} = > for all integers n.

cotx —1 cotx—1 tanx

80. (a)

cotx +1 cotx+ 1 tanx

1 — tanx

1 + tanx

(b) The identity is true for x = %T:

cot(m/4) —1 1 -1

= = 0
cot(m/4) +1 1 +1
1 —tan(w/4) 1 —1

= -0
1 + tan(wr/4) 1+ 1

82. Va2 — 2= Ja> — a?cos? 6
= J/a*(1 — cos? 0)
= a?sin? 0

= asin 6

84. JVu? — a® = Ja*sec? 6 — a?
= Ja*(sec? 6 — 1)
= Ja?tan® 0
= atan 60

=L

87. When n is even, cos[

When 7 is odd, cos[

3

(2n ; 1)77} .

(2n + 1)77} - o 3 0.

2

2n + 1
Thus, cos[%} = 0 for all n.

89. (x — 1)(x — 8i)(x +

Answers will vary.

8i) = (x — 1)(x2 + 64)
=x3 —x? + 64x — 64
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90. (x — i)(x + )x — 4i)(x + 4i) = 2+ D2+ 16) = x* + 1722 + 16

91. (x —4)x -6 —Dx—6+i)=x —4((x —6)?2+1)

(x — 4)(x2 — 12x + 37)
x> — 16x2 + 85x — 148

Answers will vary.

9. 2x —2)x— 1 —)H)x—-—Q+)) =0 —-2x)((x—1)2+1)

= —2x)(x2 — 2x + 2)

=x0 — 4x* + 6x3 — 4x2

93. f(x) =2+ 3 9. f(x) = —2:3 v
8+ 2+
61 T e G
-——/ 4+
2+ ol
B > 4 T
95. f(x) = 2% + 1 y 96. f(x) =2"! +3
Ml
N

97. csc 0 > 0 and tan 0 < 0 = Quadrant II 98. Quadrant III
99. sec 6 > 0 and sin # < 0 = Quadrant IV 100. Quadrant III
Section 5.3 Solving Trigonometric Equations
B You should be able to identify and solve trigonometric equations.
B A trigonometric equation is a conditional equation. It is true for a specific set of values.
B To solve trigonometric equations, use algebraic techniques such as collecting like terms, taking square
roots, factoring, squaring, converting to quadratic form, using formulas, and using inverse functions.
Study the examples in this section.
B Use your graphing utility to calculate solutions and verify results.
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Vocabulary Check

1. general 2. quadratic 3. extraneous
1. 2cosx— 1 =0 2.secx —2 =0
T T 1 T T 1
=—2cos— —1=2(-|—-1= = —|=-2=——=-2
(@) x 3 cos 3 (2) 0 (@) x 3 sec<3> cos(m/3)
S 5 1 =2-2=0
(b)x—?.2003§—1—2<2> 1=0

S S5
b)) x=—:secl—|—2=2-2=0
3 3

3.3tan22x — 1 =0
2 2 2
(a) x = 1—7; 3[tan(€)} 1=3 tanzg 1= 3<f> 1=0

S5 O 1
b = —: 3| tan| — —1=3t 27_1_ > 1=0
®) =75 [ (12” o ( /3
4. 4cos?2x —2=0

2
(a) x=7§T: 4cosz<2 g) -2 =4cosz<g> -2 =4<72> -2=0

2
_ I, ofn I\, _ 2(7777')_ - (ﬂ>2_ —
(b)x—8.4cos<2 8) 2 =4 cos 1 2=4 > 2=0
5. 2sin?x —sinx — 1 =0
T 2T [T o 1 =
(a) x 2.251n(2) sm<2> 1=2-1 1=0
o Tm\ (T (L ()
(b)x—6.251n(6) sm<6> 1 2<4> <2> 1=0
6. sec*x —3sec2x —4 =0
2 2T
(a) X =rsec o = —2andsec*x —3sec?x — 4 =(—2)*—3(—22—-4=0
S

5
(b)x=£: sec— =2andsec*x —3sec2x —4=2*—-3(22—-4=0

3 3

1 1 . 2
7 sianE 8. cosx=§ 9. cost—E 10. s1nx=—§
x = 30° 150° x = 30°,330° x = 120°, 240° x = 225°315°
11. tanx = 1 12. tanx = —/3 13. cosx = —? 14. sinx = —%
x = 45°,225° x = 120°, 300°
Ly g = 17 1w
66 6° 6
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15. cotx = —1
37w
4° 4
. 1
19. cscx = —2 = sinx = 5
Ta 1lm
xX=——
67 6

22. secx =2 = cosxzé

Sa
* 3

X =

wly

25. 2cosx+1=0

2cosx = —1
1
COSXx = ——
2
2ar
=—+2
X 3 ni
4
0rx=l+ 2nir
3
28. cotx +1 =0
cotx = —1
3
x=77r+n77

30. 3cot?x—1=0

1
cot?x = —
3
cot)c—+f3
-3
T
xX=—+nmw
3
27
xX=—+nmw

16. sinx =

ﬁ 17. tanxz—ﬁ 18. cosx=72
3 2
_m2mw L =27 Um _mim
_3’3 6’6 X 474
2 .
20. secx = V2 = COS)C=§ 21. cotx = /3 = tanx=§
_mim _mim
T4 T 66
23. tanx = —1 24. cscx = —/2 = sinx = —?
37 7
=T _ 5w 7
YTy
26. 2sinx+1=0 27. S3secx —2=0
sinxz—L V3secx =2
V2 5
secx = —=
x=5£+2n77 V3
4
Cosx—i
x=7£+2n77 2
4 T
x—g—l—Znﬂ'
orx =——+ 2nmw
29. 3csc2x —4 =0
4
2, &
csc? x 3
cscx=+i
V]
sinx=i£
2
2
x=g+n770rx=?ﬂ-+n77
31. 4cos’x—1=0
1
2. — =
cos? x 1
cos :+l
D)

T 2ar
x=*+n770rx=?+n7'r
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32. cosx(cosx — 1) =0

cosx =0 or cosx = 1
T
x=5+n770r x = 2nw
33. sin?x = 3 cos®x
sin2x — 3(1 — sin?x) =0
4sin’x =3
. 3
sSinx = +——
2
T
X =—+nmw
3

2ar
orx=?+n7'r

35. tanx + /3 =0 36. 2sinx+1=0

tanz)c—l or
3
tanx—+1 or
V3
T
X=—+nmw
6
x—SiT—FmT
6

tan? x =

34. (3tan2x — I)(tan?x — 3) =0

[
w

37. csc2x—2=0

tanx = — /3 . 1 cscix =2
sinx = —=
XZZISJ cscx=iﬂ
373 L Tm llw |
T 6 sinx = +——=
66 V2
=T 37
4 4
38. tan2x — 1 =0 39. 3tan*x —tanx =0
tan?x = 1 tan x(3 tan’x — 1) = 0
tanx = =1 tanx = 0 or 3tan’x—1=0
37 57 7 3
x=g,7,7ﬂ:7ﬂ- x=0, tanx=in
=TT
6’ 6
40. 2sin?x =2 + cos x 41. sec2x —secx —2 =0
2 —2cos?x =2 + cosx (secx —2)(secx + 1) =0
2cos’x +cosx =0 secx —2=0 or secx+1=0
cosx(2cosx+1) =0 secx = 2 secx = —1
cosx =0 or 2cosx+1=0 T 5T
)C:E,? X = T
o 37
X=—-—— 2cosx = —1
22
1
cosx = ——
2
2 4
x=——
3°3
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42.

44.

46.

48.

49.

secxcscx = 2cscx
secxcscx —2cscx =0

cscx(secx —2) =0

cscx =0 or secx—2=0
No solution secx = 2
T S
xX=—_
33

secx + tanx =

(sec x + tan x)(sec x — tan x)
sec’x — tan?x =

1

Hence, secx + tanx = secx — tanx — tanx = 0.

secx = I, tanx =0 = x=0

sinx +cosx+1=0

(1 —cos?x) +cosx+1=0
cos’x —cosx —2=0
(cosx — 2)(cosx + 1) =0

cos x = 2,

1
sec x — tan x
sec x — tan x

sec x — tan x

Impossible

cosx+1=0=x=m

2cos?x+cosx—1=2cosx — 1)(cosx+ 1) =0

2cosx=1 or cosx= —1
cosx—l
2
xzzsiT xX=1
373

2sin’x + 3sinx +1=0
y=2sin>x + 3sinx + 1
x = 3.6652, 5.7596, 4.7124

43. 2sinx + cscx =0

1
2sinx + =0

sin x
2sin2x +1=0

Since 2 sin? x + 1 > 0, there are no solutions.

45. cosx + sinxtanx = 2

sin? x
cos x + =2
coS x

cos?x + sin’x

2
COS X
1 J—
cos x
cos _1
)
L= Tom
373
47. sec’x + tanx = 3

(I +tan?x) + tanx =3
tanx + tanx — 2 =0
(tanx + 2)(tanx — 1) = 0

tanx = —2 or tanx = 1

()]
3

x = 2.0344,5.1760 X

13
»|

50. 2sec?x + tan2x —3 =0

2
= + tan?2x — 3
YT cos?x

x = 0.5236, 2.6180, 3.6652, 5.7596
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51.

53.

55.

57.

59.

y =4sin>x — 2cosx — 1 4

x = 0.8614, 5.4218

-4

1
y=cscx tcotx — 1 =—
sin x

T
x = 1.5708, <2)

cosxcotx
1 —sinx

COSs X
Graphy = —— % _
rapiy (1 — sinx) tanx

The solutions are approximately
x = 0.5236, x = 2.6180.

(@ ¢

0 2n

-2

(c) Points of intersection: (0, 0), (1.7757, —0.3984)

0 2n

-2

(c) Points of intersection:

4

COS x

— — 1
sin x

(b) sin 2x = x? — 2x

(b) sin®>x = e* — 4x

(0.3194, 0.0986), (2.2680, 0.5878)

52.

54.

56.

58.

60.

1 3

y =

sin?x  sinx

x = 0.2527, 2.8889, 4.7124

y=4sinx —cosx + 2

x = 3.8930, 6.0217

1 + sinx COS X

COS X 1 + sinx

x = 1.0472, 5.2360

(@)

-2

(c) Points of intersection:

2w

:

(b) cosx = x + x?

(—1.2512, 0.3142) (outside interval),

(0.5500, 0.8525)

0 2n

-1

(c) Points of intersection:

(0.9510, 0.3374), and

(b) cos?x =e*+x — 1

(—0.8266, —0.4589) (outside interval)
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61. coszzo 62. sin%zo
E—E-FZ or £—3LT+2 iznﬂ-
4 27 4 2 T 2
x=2m7+ 8w or x= 6w+ 8nw x = 2nm
Combining, x = 27 + 4n7r.
63. sin4x = 1 64. cos2x = —1
4x=g+2n77 2x = 7 + 2nw
x=ﬂ+n77
x—ﬂ+ﬂ7 2
8 2
65. sin 2x = —? 66. sec 4x = 2
T S5
= — 4+ == 4
2x=43£+2n7r or 2x—7+2n7r e 3 Znmor 4x 3 n
2 5 - T L
x="Z 4 ur =2 4 ay T2 2 12 2
3 6
67. 2sin?2x =1 68. tan?3x = 3
=4
Gin2 2x=1 tan 3x = +/3
2 T
. N 3x=§+n77 or 3x=?+n7r
sm2x=i7
x=2 41T o x—ziT—kﬂT
) _714_@ 9 3 9 3
Y2
T nT
== 4 ==
YT,
69. tan 3x(tanx — 1) = 0 70. cos2x(2cosx + 1) =0
tan3x =0 or tanx — 1 =0 cos2x =0 or 2cosx +1=0
T 1
3x =nm or xzz-i-nﬂ' 2x = —+ nw cosx=—5
X n X Tr-l—n 77-—l—nﬂ- 2 + 2
= — = — e = — _— = —
3 4 X 4 5 X 3 nir
47'r+2
X =—— nir
3
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2
71. cos% = % 72. tan% =1
x _m x m x _m
S=—+ ="+ =+
T 2nm or > 1 2nr 3= TN
T T 3w
==+ =—+ ==+
x=7 dn X > dn X n 3nm
73.y=sin%+1 74. y = sin mx + cos wx
F th h in the textbook, that th
From the graph in the textbook we see that the Tom e graph 1 Hie tex 30 we see Tt e
. curve has x-intercepts at x = —0.25, 0.75, 1.75,
curve has x-intercepts at x = —1 and at x = 3.
and 2.75.
75. y = tan2<ﬂ> -3 76. y = sec4<ﬂ> —4
6 8
From the graph in the textbook, we see that the From the graph in the textbook, we see that the
curve has x-intercepts at x = +2. curve has x-intercepts at x = —2, 2.
77. 2cosx — sinx =0 78. y = 2sinx + cos x
Graph y; = 2 cos x — sin x and estimate the zeros. x = 2.6779, 5.8195
x = 1.1071, 4.2487
79. xtanx — 1 =0 80. 2xsinx —2 =20 2
0 27
Graph y; = xtanx — 1 and estimate the zeros. y=2xsinx — 2
x = 0.8603, 3.4256 x = 1.1142,2.7726
-12
81. sec’x + 05tanx — 1 =0 82. csc?x + 05¢cotx —5=0
Graph ! + 0.5 1 _<1>2+ ! =5
TPV = o 0 tanx — L. Y= \sinx 2 tan x
10 5
0 27
0 27
5 -5
x=0,x=2.6779,3.1416, 5.8195 x = 0.5153, 2.7259, 3.6569, 5.8675
83. 12sin’x — 13sinx +3 =0 84. 3tan’x + 4tanx — 4 =0

Graph y, = 12sin?x — 13 sinx + 3.

40

OAA%

-4

x = 0.3398, 0.8481, 2.2935, 2.8018

6

-6

x = 0.5880, 2.0344, 3.7296, 5.1760
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85. 3tan’x + 5tanx — 4 = 0, [—gﬂ 86. y = cos’x — 2cosx — 1 = 0, [0, 7]
x = —1.154,0.534 x = 1.998
20 9 _ T _ 2 = _mm
87. 4cos’x —2sinx +1 =0, [ 2,2} 88. y =2sec’x + tanx — 6 =0, [ 2,2}
x = 1.110 x = —1.035,0.870
89. f(x) = sin 2x 90. f(x) = cos 2x
(@ e (a) 2
-2 -2
Maxima: (0.7854, 1), (3.9270, 1) Maxima: (0, 1), (3.1416, 1), (6.2832, 1)
Minima: (2.3562, —1), (5.4978, —1) Minima: (1.5708, —1), (4.7124, —1)
(b) 2cos2x =0 (b) —2sin2x =0
cos2x =0 sin2x = 0
2x = z + nw 2x = nm
2
_nm
T N . 2
=ata
The zeros are 0, 1.5708, 3.1416, 4.7124,
The zeros are 0.7854, 2.3562, 3.9270, and 6.2832.
and 5.4978.
91. f(x) = sin®>x + cos x 92. f(x) = cos>x — sinx
(a) 2 (a) 2
0 QUC 2r 0 ‘UZ o
-2 -2
Maxima: (1.0472, 1.25), (5.2360, 1.25) Maxima: (3.6652, 1.25), (5.7596, 1.25)
Minima: (3.1416, —1) Minima: (1.5708, —1)
(b) 2sinxcosx — sinx =0 (b) —2sinxcosx —cosx =0
sinx(2cosx — 1) =0 cosx(2sinx+ 1) =0
sinx =0 = x =nmw T
cosx =0 :>x=5+n7-r
cosx=l = x=z+2nw,siT+ZnW
2 3 3 . 1 T 117
sinx = ) = x=?+ 2n77,7+2n7r
The zeros are 1.0472, 3.1416, and 5.2360.

The zeros are 1.5708, 3.6652, 5.7596, and
4.7124.
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93. (a) f(x) = sinx + cos x 2 94. y = 2sinx + cos 2x

Maximum: (a) ¢
(0.7854, 1.4142) ° 2”

Minimum: b ’ A
(3.9270, —1.4142)

-4

(b) cosx —sinx =0
Maximum: (0.5236, 1.5), (2.6180, 1.5)

Minimum: (4.7124, —3.0)

COS X = sin x

_sinx
1_cosx (b) 2cosx — 4sinxcosx =0
tanx = 1 2cosx(1 —2sinx) =0
3
XZESLT costO:>x=E,1
4 4 222
1 T S
2 2 iy = sy = = T
f<w>=sinz+cosw=\2[+\2[=\/§ 1 251nx—0:>51nx—2:>x—6,6
5 5 57 The zeros are 0.5236, 2.618, 4.712 and 1.571.
f < 4 ) = sin e + cos e The first three correspond to the values in (a).
LT T
= —sin— + (—cos *)
4 4
_ V2 V2,
2 2
Therefore, the maximum point in the interval
[0, 27 is (7r/4, </2)and the minimum point
is (57/4, — J2).
X
95. f(x) = tan v 96. Graph y = cos x and y = x on the same set of axes.
Their point of intersection gives the value
tan O = 0, but 0 is not positive. By graphing of ¢ such that f(c) = ¢ = cosc = c.
X 5 (0.739,0.739)
= { — — X,
y=tan-—x 1
you see that the smallest positive fixed point is - ¢
x =1
-2
¢ = 0.739
1
97. f(x) = cos—
X
(a) The domain of f(x) is all real numbers except 0. (b) The graph has y-axis symmetry and a horizontal

. tote at y = 1.
(c) Asx — 0, f(x) oscillates between — 1 and 1. asymprote at y

(d) There are an infinite number of solutions in the
interval [—1, 1].

1

(e) The greatest solution appears to occur at
x = 0.6366.

7, _77'-i-2n'n':> _ 2
2 T 2 YT an + 1)

X

© Houghton Mifflin Company. All rights reserved.



Section 5.3 Solving Trigonometric Equations 411

© Houghton Mifflin Company. All rights reserved.

sin x

98. f(x) =

(a) Domain: all real numbers except x = 0. (d) sin x/x = 0 has four solutions in the interval [—8, 8].
(b) The graph has y-axis symmetry. . 1

(sinx)|—] =0
Horizontal asymptote: y = 0 X

(©) Asx — 0,f(x) — 1. sinx =0

x = —2m, —, m 2

99. S = 74.50 — 43.75 cos %t

t |1 2 3 4 5 6 7 8 9 10 11 12
S 1366526745964 | 1124 | 1183 | 1124 | 96.4 | 74.5 | 52.6 | 36.6 | 30.8

S > 100 for t = 5, 6, 7 (May, June, July)

. [ 2 1 .
100. D = 31 s1n<365t 1.4) 101. y= 12(cos 8t — 3 sin 8%)

40

1 .
—(cos 8t — 3sin 81) = 0

0 /\ 365 12
/ \ cos 8¢ = 3 sin 8¢
0

—4

= tan 8¢

[SSH

D > 20° for 123 < t < 223 days
8t = 0.32175 + nm

nm
t=0.04 +—
8

In the interval 0 < 7 < 1, t = 0.04, 0.43, and
0.83 second.

102. y, = 1.56¢7 %% cos 4.9¢ intersects y, = —1 at t = 1.96 2

(and other points).
The displacement does not exceed one foot from equilibrium after ° ” lif TR I

t = 1.96 seconds.

-2

103. r= Lv(f sin 26 104. A = 2xcosx, 0 < x < T
32 2
1 . (@) 2
- = 2
300 = 2-(100)* sin 26
sin 26 = 0.96 o
26 =~ 1.287 or 260 = 7 — 1.287 = 1.855

-2

0= 0.6435 = 37° or 6= 09275 = 53°
The maximum area of A = 1.12 occurs when

x = 0.86.
(b) A>1for0.6 <x< 1.1
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105. (a) r 106. f(x) = 3 sin(0.6x — 2)
§ j o (a) Zero: sin(0.6x —2) =0
g ° ‘e ® e 0.6x—2=0
e’ °
2 * ° 0.6x =2
£ 3
5 _2_IW
‘ , T o6 3
24 6 8 10 12 14
Year (0 <> 1990) (b) g(.x) = —0.45)62 + 5.52.x - 13.70
5
(b) Models 1 and 2 are both good fits, but model 1
seems better. . "
(c) The constant term 5.45 gives the average i
unemployment rate, 5.45%. 5 :
(d) The length is approximately one period For 3.5 < x < 6 the approximation appears to
be good. Answers will vary.
2m ~ 13.37 years. £ Y
0.47 (c) —0.45x% + 5.52x — 13.70 = 0
(e) r = 1.24 sin(0.47t + 0.40) + 545 = 5.0 —5.52 + \/(5'52)2 — 4(—0.45)(—13.70)
x =
Using a graphing utility, r = 19.99 =~ 20, 2(—0.45)
or 2010. x ~ 3.46,8.81
The zero of g on [0, 6] is 3.46. The zero
is close to the zero 13*0 ~ 333 of f.
107. False. sin x — x = 0 has one solution, x = 0. 108. False. There might not be periodicity, as in the
equation sin(x?) = 0.
109. False. The equation has no solution because 110. Answers will vary.
—1 <sinx £ 1.
111. 124° = 124°< . ;B) ~ 2.164 radians 112. 486° = 486°< . g;) ~ 8.482 radians
113. —041° = —0.41"( 77-0) =~ —0.007 radian 114. —210.55° = —210.55°< 7-ro> ~ —3.675 radians
180 180
o 14 _ 14 14 . 0 X _ . o _
115. tan 30° = . = x = an30° 7\/5/3 24.249 116. sin 70° = 10 = x =10 - sin 70° = 9.397 = 9.4
[e] ‘x _________________
117. tan 87.5° = ﬁ 250
87.5°
x = 100 tan 87.5° 100
=~ 2290.4 feet = 0.43 mile
m Ship
118. Answers will vary.
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Section 5.4 Sum and Difference Formulas

B You should memorize the sum and difference formulas.
sin(u £ v) = sin u cos v * cos u sin v
cos(u = v) = cos u cos v F sin u sin v

tanu + tanv

tan(u £ v) =
( ) 15 tan u tan v

sums or differences are special angles.
B You should be able to use these formulas to solve trigonometric equations.

B You should be able to use these formulas to find the values of the trigonometric functions of angles whose

Vocabulary Check

tanu + tan v

1. sinu cos v — cos u sin v 2. cosucosv — sinu sin v R E—
1 — tan u tan v
. . . . tanu — tan vy
4. sinucosv + cos usinv 5. cosucosv + sinu sin v T
1 + tan u tan v

1. (a) cos(240° — 0°) = cos(240°) = —3 (b) cos(240°) — cos0° = —3 — 1 = —3

2. (a) sin(405° + 120°) = sin 405° cos 120° + cos 405° sin 120°
:\/5< 1>+ﬁ<f3>:f—ﬁ

2 2 2\ 2 4
+
(b) ind05° + sin 120° = Y2 4 3 _ Y2E V3
2 2 2
T T T T . . T . (27 S5 . (97
. =~ + —| = cos —cos = — sin —sin — . =+ | =sin|—]| = -
3. (a) 003(4 3> cos4cos3 s1n4$1n3 4. (a) sm(3 6> sin 6) 1
:Ql _££ (b)sinzl-l-sinsf’n-:ﬁ-i-l:@
2 \2 2\ 2 3 6 2 2
_V2-6
4
T W_ﬁ l_ﬁ—kl
(b)cos4+cos3— ) +2_72

N.@

5. (a) sin(315° — 60°) = sin 315° cos 60° — cos 315° sin 60° = —

+
(b) sin 315° — sin 60° = —% - ? = —y
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7. sin 105° = sin(60° + 45°) 8. 165° = 135° + 30°
= sin 60° cos 45° + sin 45° cos 60° sin 165° = sin(135° + 30°)
_ 3 V2 N V21 = sin 135° cos 30° + sin 30° cos 135°
2 2 2 2 = sin 45° cos 30° — sin 30° cos 45°
=LA+ ) NGNS SN JANC TR
2 2 2 2 4
cos 105° = cos(60° + 45°) cos 165° = cos(135° + 30°)
= cos 60° cos 45° — sin 60° sin 45° = cos 135° cos 30° — sin 135° sin 30°
:lﬁ_ﬁﬁ = —cos 45° cos 30° — sin 45° sin 30°
e BNC S SN
_ \45(1 - /3) o2 2 2 2
tan 105° = tan(60° + 45°) = _§(\/§ + 1)
_ _tan 60° + tan 45° tan 165° = tan(135° + 30°)
I~ tan 60 tan 45° tan 135° + tan 30°
=ﬁ+1=\/§+1_1+\/§ "1 — tan 135° tan 30°
I-V3 1-V3 1+.3 _ —tan 45° + tan 30°
:4+_22'ﬂ:_2_\/§ 1:—tar<1:4;°ta)n30°
-1+
9. sin 195° = sin(225° — 30°) 10. 255° = 300° — 45°
= sin 225° cos 30° — sin 30° cos 225° sin 255° = sin(300° — 45°)
= —sin 45° cos 30° + sin 30° cos 45° = sin 300° cos 45° — cos 300° cos 45°
:_£.£+l.£:£(l_ﬁ) :<_ﬁ>ﬁ_1<ﬂ>zm
2 2 2 2 4 2 /2 2\ 2 4
cos 195° = cos(225° — 30°) cos 255° = cos(300° — 45°)
= cos 225° cos 30° + sin 225° sin 30° = cos 300° cos 45° + sin 300° sin 45°
= —cos 45° cos 30° — sin 45° sin 30° B 1<ﬂ> . <_ﬁ>ﬁ _-J/6+ 2
B SN S SN T A
2 2 ) 4 tan 255° = tan(300° — 45°)
tan 195° = tan(225° — 30°) _ tan 300° — tan 45°
tan 225° — tan 30° 1 + tan 300° tan 45°
1 + tan 225° tan 30° __—V3-1
tan 45° — tan 30° bt (_ ﬁ)(l)
"1+ tan 45° tan 30° _1+ 3
1-(V33) 3-3 3-.3 V3-1
“1+(V33) 3+43 3-3 B SNERENEES|
-6 V3-1 V341
T ¥ BERS NP

2
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11. sin—”=sin<3—”+f>
12 4 6
— in 2T cos T 4 sin Feos 27
Sin 4 COS 6 Sin 6 COS 4
2 3 1 2 2
:£.£+7 _2 :i(\g_l)
2 2 2 2 4
117 (377 77')
cos—— =cos|— + —
12 4 6
05 T cos T in T in T
COSs 4 COS6 S 4 S 6
_ Y2 3 V2
2 2 2 2
-2 +)
tn&—tncl—l—ﬂ-)
Moy THY T
_ tan(37/4) + tan(7/6)
1 — tan(37/4) tan(7/6)
-1+ (Y3/3)
1 - (-1)(v/3/3)
_—3+V3 3-3
3+J3 3-U3
—12 + 6JV3
:4:_2+\/§
6
ar aa ar
1B -—=—-=
3 12 6 4

. T o™ . T v
= Sm-—COoS— — Sin — COS —

6 4 4 6
1 2 V2 3 2
zf.i_i.izi(l_ﬁ)
2 2 2 2 4
-t
COS 12 COS6 4
s T T T T
COS6COS4 51n6sm4
3 2 1 2 2
L3 2L V2 sy
2 2 2 2 4

1770 Tw
2 =% s
n 2% (120 )
sin 2 sin 5 2
=sinlcosﬂ+cos7£sinz
6 4 6 4
_ (J)(ﬁ) N <_f3)ﬂ
2)\ 2 2/ 2
_—V6e-2
4
cosﬁ—c s(h—kq—T)
12 6 4
=coshcosz—sinhsinz
6 4 6 4
_ (_ﬁ)ﬁ _ (J)ﬂ
2 2 2) 2
_V2-6
4
tan1777T=tan<7£+7—T>
12 6 4
T T ﬁ
_tan6+tan4_ 3-f—l
Im 7 3
1 — tan 6 tan4 I—T(l)
J3+3
= =2+ J3
3-3 V3

s
M) T "Ne T g

_ tan(m/6) — tan(w/4)
1 + tan(w/6) tan(mw/4)
(V33)-1_3-3 /B3-3
1+ (V33) V343 B3

12 —
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14, ——=——— 15. sin 75° = sin(30° + 45°)

= sin 30° cos 45° + sin 45° cos 30°

sin(—lgi> = sin(zl - 947)
12 34 1L V2 V2 B2
=sin2£c059£—cos@sin9i 2 e ’ ’
3 4 3 4 cos 75° = cos(30° + 45°)
V32 _ (_1>\/§ _J6+ 2 = cos 30° cos 45° — sin 30° sin 45°
22 22 ! _V3 V2 1 V22
oo ~197) = e 2 - 27) EE T N R e
12 3 4 tan 75° = tan(30° + 45°)
=005277T005977T+sin2?ﬂ-sin%7 _ tan 30° + tan 45°
1 — tan 30° tan 45°
1 2 3 V2 - - V2
() et Rk LS PRI
1-(V3/3) 3-V3 3+3
tanzl—tangiT J3
tan(—lgiﬂj = tan(zj - 9iT> = 3 4 = ovir 1z =J3+2
12 3 4 1+tan2£tan9fﬂ- °
3 4
__—V3-1
1+ (=v3)1)
:ﬁ+1
V3-1
=2+ 3

16. 15° = 45° — 30°
sin 15° = sin(45° — 30°) = sin 45° cos 30° — cos 45° sin 30°
_ (ﬂ)(ﬁ) _ <ﬁ><1> B VT S
2 N\ 2 2 \2 4 4
cos 15° = cos(45° — 30°) = cos 45° cos 30° + sin 45° sin 30°

N

an 15° = tan(45° — 30°) tan 45° — tan 30°
an 15° = tan - =
1 + tan 45° tan 30°

o3 3-V3
_ 3. 3 3-33-3
1+(1)(ﬁ>_3+3ﬁ_3+ﬁ 3-8
_12-63_ 4

6
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17.

18.

19.

—225° is coterminal with 135°, and lies in Quadrant II.
sin(—225°) = V2

2
cos(—225°) = —%

tan(—225°) = —1

—165° = —135° — 30°

(a) sin(—165°) = sin(—135° — 30°)

= sin(— 135°) cos 30° — cos(— 135°) sin 30°
_ <_ﬂ>ﬁ _ <_ﬂ>l _V2- 6

a 2 )2 2 )2 4
(b) cos(—165°) = cos(—135° — 30°)
= cos(—135°) cos 30° + sin(—135°) sin 30°
_ (_\/5>\/§ N <_ﬁ>1 _—Ve-2
2 /2 2 )2 4
(c) tan(—165°) = tan(—135° — 30°)

_ tan(—135°) — tan 30°
1 + tan(— 135°) tan 30°

1 - J3/3

T 1+ 1(3/3)
_3-J3_3-U33-3
T 3+3 3+U3 3-3

— 12_76\/§ =92 — \/g
6
137 37
2 4 3
sinlSJ = sin(sl + E) = sinsfﬂ-cosz + sinzcossfﬂ-
12 4 3 4 3 3 4
_ V21 V3 V2) o V2- V6
2 2 2 2 4
COSBJ = cos(gﬂ- + E) = cosgircosz - singﬁsinz
12 4 3 4 3 4 3
_( V2 <L>_ V2\(V3\_ _Vo+ V2
2 2 2 2 4
tanﬁ — <3£ N ﬂ) _ tan(37/4) + tan(mw/3)
12 4 3 1 — tan(37/4) tan(7/3)

_=np+V3_SB-1
eV N T V3
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S wm  w
02T 17s
s'n(i) = s'n<7l T E) = sin— cos — + sin— cos -
M) =5Mg Tg) TNy TGy
_NV2V3 1V2 e+ 2
2 2 2 2 4
cos(SiT>=cos<ﬂ+z>=coszcosz—sinzsinz
12 4 6 4 6 4 6
_V2V3 V21 _Je-2
2 2 2 2 4
. (577) _sinGa/12) _ o+ V2 _, s
12)  cos(57/12)  J6 — /2
Tom _w 3w
AT
s.n<_77ﬂ-> = S.n(ﬂ - 3777.) = S.HECOSL]T - S'nﬁc()sﬂ
MT2) T ™e T 4 M6 M
M V2 V2B V2t Ve
2 2 2\ 2 4
cos(—h> = cos(z - 3£> = coszcosﬁ + sinIsinﬁT
12 6 4 6 4 6 4
_VA( V21 V2 Va- e
2 2 2 2 4
Tw\ _ a 3w\ _ tan(w/6) — tan(37/4)
tan( 12)‘”‘“(6 4>_1+tan(7-r/6) tan(37/4)
3/3) — (-1 +
_ (f/) (-1 3+ 3 -2+ /3
1+(33)(1) 3-3
137 37
2 T4 T3

23.

s'n<_1377> = s'n<_37T - E) = s'n<_37T> cosf — cos( 377) z
M2 M7y ~3) M, 4 )3

—f/1) <f>3 Jé V2

2 \2 2 )2

COS<_137T> = COS<_3W - E) = COS<_37T> COS* + sm( 377) S1
12 4 3 4 4

—ﬂ/1>+(—ﬂ>ﬁ_ _\@+ )

2 \2 2 )2 4
. (— 137
— 137 Sm( 12) J2 -6
ta“( 12)2 <—13w>:\/§+\/6:\/§_2
COS 12

cos 60° cos 20° — sin 60° sin 20° = cos(60° + 20°) = cos 80°
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24. sin 110° cos 80° + cos 110° sin 80° = sin(110° + 80°) = sin(190°)

tan 325° — tan 86° tan 154° — tan 49°
= ° — 86°) = ° 26. = tan(154° — 49°) = tan 105°
25. T ton 325° 1o 86° tan(325° — 86°) = tan 239 T+ tan 154° tan 49° an( ) = tan

27. sin3.5cos 1.2 — cos 3.5sin 1.2 = sin(3.5 — 1.2) = sin 2.3

28. cos 0.96 cos 0.42 + sin 0.96 sin 0.42 = cos(0.96 — 0.42) = cos(0.54)

T T T .o <7T 7T> (1677)

29. cos —cos— — sin—sin — = cos| — + — | = cos| ——
9 7 9 7 9 7 63
30 sinﬂrcos T + cos dm sin T sin(ﬂ + E) = sin<41l>
) 9 8 9 8 9 8 72
31. y, = sin(% + x> x |02 0.4 0.6 0.8 1.0 1.2 1.4
v, | 0.6621 | 0.7978 | 0.9017 | 0.9696 | 0.9989 | 0.9883 | 0.9384
. T . T
= smgcosx + sinx - cosE ¥, | 0.6621 | 0.7978 | 0.9017 | 0.9696 | 0.9989 | 0.9883 | 0.9384
=§cosx+75inx 2
1 V=Y,
= E(cosx + V3sinx) =y, et
01— 15
0
32. x | 0.2 04 0.6 0.8 1.0 1.2 1.4
v, | —0.8335 | —0.9266 | —0.9829 | —0.9999 | —0.9771 | —0.9153 | —0.8170
vy, | —0.8335 | —0.9266 | —0.9829 | —0.9999 | —0.9771 | —0.9153 | —0.8170
_ S5 B 5w ST 04
yl—cosj—x —cosTcosx+sm7smx 0 s
=—TCosx—751nx e

= _T(COSX + sinx) =y,

33. y, = cos(x + m) cos(x — m)
= (cos x * cos 7 — sin x * sin 7r)[cos x cos 7 + sin x sin 7]

= [—cos x][—cos x] = cos®>x = y,

Y=Y ¥, | 0.9605 | 0.8484 | 0.6812 | 0.4854 | 0.2919 | 0.1313 | 0.0289
OLW ¥, | 0.9605 | 0.8484 | 0.6812 | 0.4854 | 0.2919 | 0.1313 | 0.0289




420  Chapter 5  Analytic Trigonometry

34. y, = sin(x + ) sin(x — m)
= [sin x cos 7 + sin 7 cos 7|[sin x cos 7 — sin 7 cos x| = [—sin x][—sin x] = sin®x = y,
2
x |02 0.4 0.6 0.8 1.0 1.2 1.4
= v, | 0.0395 | 0.1516 | 0.3188 | 0.5146 | 0.7081 | 0.8687 | 0.9711
0 ‘4 15 ¥, | 0.0395 | 0.1516 | 0.3188 | 0.5146 | 0.7081 | 0.8687 | 0.9711
0
For Exercises 35-38, Y Y
sinu = 13 and u in Quadrant Il = cosu = —%
cosv = —% and v in Quadrant II = sinv = g . 5
tanu = —%andtanv = —g. s 13
N, N
-12 -3
35. sin(u + v) = sinu cos v + sin v cos u 36. cos(v — u) = cos v cosu + sin v sin u

- (N ()-8

tanu + tanv
1 —tanutanv

_(=5/12) — (4/3)
1 — (=5/12)(—4/3)

38. sin( — v) = sinu cos v — sin v cos u

B5) - GG

37. tan(u + v) =

33
—63/36 63 = —
16/36 16
For Exercises 39-42, sinu = —1%, cosu = —%, siny = —%, cosy = —g, tanu = %, tany = %.
. . +
39. cos(u + v) = cos u cos v — sin u sin v 40. tan(u + v) = tanu T tany

1 —tanutanv

-C-E g

41. sin(v — u) = sin v cos u — cos v sin u 42. cos(u — v) = cosucos v + sin u sin v

= (=3)(=5) = (=3)(-13) = = (=5)(=3) + (=&)(=3) = &

43. sin(arcsin x + arccos x) = sin(arcsin x) cos(arccos x) + sin(arccos x) cos(arcsin x)

x-x+JS1—x2-J1—x

x2+1—x2

=1

X
1-x2

0 = arcsin x 0= arccos x

© Houghton Mifflin Company. All rights reserved.



© Houghton Mifflin Company. All rights reserved.

Section 5.4  Sum and Difference Formulas 421

44. Let: u = arccos x and y = arcsin x
cosu = x siny = x

cos(arccos x — arcsin x) = cos(arccos x) cos(arcsin x) + sin(arccos x) sin(arcsin x)

=xJ1 — x4+ J1 — x*x
=21 — x*
1
\/— v
u
X
45, Let: u = arctan 2x and V = arccos x
tanu = 2x cosv =x
VA2 +1 1
2x 1-x2
sin(arctan 2x — arccos x) = sin(u — v)
. . u v
= sinu cos v — oS u sin v ~

-2 - (VT )

2x2 — V1 —x2
Vaxr + 1

46. Let: u = arcsinx and v = arctan 2x

sinu = x tanv = 2x

cos(arcsin x — arctan 2x) = cos(arcsin x) cos(arctan 2x) + sin(arcsin x) sin(arctan 2x)

1 2x
=JV1—x +
Y a1 a1
2x2 4+ J1 — 22 x
= f Vax2+ 1
Vaxr + 1 B 2

AN

1

47. sin"'1 = 7ETbecause sing = 1. 48. sin {(—1)= —g and cos™ 10 =

[\)

“11=0b 0=1.
cos ceause cos cos(sin!(—1) + cos™10) = cos< g *)

sin(sin™' 1 + cos™!1) = sin<g + O) = — cos 0 =

49. sin"'1 = 7ETand cosT'(—=1)=m 50. cos™'(—1) = mandcos™'1 = 0

cos(cos™1(—1) —cos™'1) = cos(m — 0) = —1
sin(sin™' 1 — cos™1(—1)) =

I
2.
=
/N
SIE|
|
3
~
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1 T 1 T 1 2ar T
in~!'==— -l == I =) = == in~ ! = —
51. sin "% and cos T3 52. cos ( 2) 3 and sin"! 1 )
sin(sin’l 1 cos™! 1) = sin(z - E) cos(cos’l(—l> + sin™! 1) = cos(LTr + E)
2 2 6 3 2 3 2
= sin(—z> -1 = Tm _ _7‘5
2 cos 6 2
1 T ﬂ T
=10 = in-1= =1 1Y _ T -l =
53. sin”!' 0 = 0 and sin % 54. cos > 4 andsin™'0 =0
1 T 3 2 T
in~'0+sin~!'=| = + - === -1 X = _ qin—! = - =
tan(sm 0 + sin > tan(O 6) 3 tan(cos > sin 0) tan(4 O) 1

55. sin"i(—1) = — 56. cos H(—1) ==

21y

sin(cos™'(—1) + 7)) = sin(w + @) = sin27w = 0

R T W S D
sm(z—f—sm ( 1)) sm(2 2) sin0 =0

57. sin"'1 = 58. cos (—1) =

SIE

T
=cos— =20

2

cos(mm — cos™'(—1)) = cos(m — ) =cos 0 =1
2

. T

cos(m + sin"'1) = cos(w + =
- -13 _3

59. Let @ = cos™'5 = cos 0 = .

. . 13
Let ¢ = sin~! 5 = sin = 33. 2L 5
. . . [
sin(cos ™12 — sin~! ) = sin(6 — ¢) AL 7

= sin 0 cos ¢ — cos Osin ¢

= (@) - G)6) = &

60. Let 6 = sin" !4 = sin 6 = 3.
Let ¢ = cos ™! & = cos ¢ = .
12 8 ANIE
cos(sin"143 + cos ! &) = cos(6 + ¢) 17 s
= cos 0 cos ¢ — sin O sin ¢ AN
5
¢
8

)6 - B)E) = -2

61. Let 6 = tan!'3 = tan .
) 5
. _13 . 3 3
Let ¢ =sin"!s = sin¢ = =. ‘
¢ 5 ¢ [ ] A 3

4
sin(tan‘li + sin™! %) = sin(6 + ¢) ¢

D
Il
FS

W

= sin 6 cos ¢ + sin ¢ cos 6
SECRFCRE

Note: 0 = ¢
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62. Let 6 = sin‘lg = sin § = %

5 5 13 12
= -1 = = — ‘ .
Let ¢ = cos 3 = coS ¢ 3 3
AN
tan(sin"% — cos™! %) = tan( — ¢) 5
_ tan 6 — tan o)
1 + tan ftan ¢
@3 -2/ -6
1+ 4/3) - (12/5) 63
[ T . T . . .
63. s1n<5 + x) = sin —cos x + sinx cos > 64. sin(37 — x) = sin 37 cos x — cos 377 sin x
— (1) cosx + 0 = cosx = (0) cosx — (—1) sinx = sin x
tanx + tan7  tan w7 — tanx

65. t + ) —t - =
an(x + ) an(7 — x) 1l —tanx-tan7 1 + tan wtanx

_tanx (_tanx

1 | >=2tanx

tan(7/4) —tanf 1 —tan 6
1 +tan(m/4)tan ® 1 + tan 0

66. tan(% - 0) =

67. sin(x + y) + sin(x — y) = sinxcosy + sinycosx + sinxcosy — sinycosx = 2 sinx cosy
68. cos(x + y) + cos(x — y) = cosxcosy — sinxsiny + cosxcosy + sinxsiny = 2 cos x cos y

69. cos(x + y) cos(x — y) = [cos x cos y — sin x sin y]|[cos x cos y + sin x sin y]

cos?x cos’y — sin? x sin?y = cos?x(1 — sin?y) — sin®>x sin?y

= cos? x — sin? y(cos? x + sin®x) = cos?x — sin?y

70. sin(x + y) sin(x — y) = [sin x cos y + cos x sin y][sin x cos y — cos x sin y]
= sin? x cos?> y — cos? x sin®y = sin? x(1 — sin®y) — cos? x sin? y

= sin? x — sin? y(sin? x + cos? x) = sin>x — sin?y

a a
71. infx + — | + sin({x — =) =1
sm(x 3) sm(x 3>

. T LT . T LT
smxcos;-ﬁ- cosxsmg—k smxcos;— cosxsmEZ 1

2 sin x(0.5) =1

sinx = 1

=
|
STE
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72. cos(x + E) - cos(x -7 = 1

COSXCOSE—SIHXSIHE - COSXCOSE‘{‘SIHXSIHE =1

o

—2 i . =1
Sll’lell’l6

. 1y
-2 smx<2> =1
sinx = —1
37
2

73. tan(x + 7) + 2sin(x + 7)) =0

tan x + tan 7 . .
————  + 2(sinxcos 7+ cos xsin7) = 0
1 — tan x tan 7

t +0
%}],}C(O) + Z[Sil’l x(—l) + cos X(O)] =0
tan x .
— —2sinx =0
1
Sr_ 2 sin x
COS X
sin x = 2 sin x cos x
sinx(1 —2cosx) =0
. 1
sinx =0 or COoSx = —
2
T
=0, =—,
X T X 3
. T
74. 2sm(x + 5) + 3tan(m — x) =0

Z[Sinxcosg + cos x sin g} + 3tan(—x) =0

sin x
2cosx — 3 =0
COS X

2cos2x — 3sinx =0
2(1 — sin®?x) — 3sinx =0

2sin?x + 3sinx —2 =0

(2sinx — 1)(sinx + 2) = sinx =

N | —
U
=
I

ol

ol§

S
3
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75. Graph y, = cos(x + g) + cos<x - g) and y, = 1. 76.

2

N2
2w
1

-2

=}

x = 0.7854, 5.4978

77. tan(x + ) — cos(x + g) =0 78.

Answers: 0.0,3.1416 (x = 0, m)

t x rox
79. y, + y, = Acos 277(;, - X) + A cos 277'(? + X)

. ™ 3w\
sm<x+ 2> cos(x—i— 2)—0

2

e

-2

o

x = 0.7854, 3.9270

tan(7 — x) + 2005<x + 3777-> =0

x =0, 1.0472, 3.1416, 5.2360

oo () an )]+ o) - 57 57

27t 2mX
=2A COS<T> COS(T)

1 1
80. y =§sin2t+10052t

(@ | ®b)a==b

[SSEEE

_1
4’
b

o

B

=2

“U"&Ufﬂvé 3
b C = arctan — = arctan — = (0.6435
a 4

-1 /
Sin . Sin .

(c) Amplitude: D |

(d) Frequency:

81. False. See page 380.

B 2

1
period_27r 27w

11 11 11
82. True. sin(x — Tﬂ-> = sinxcosTﬂ. - cosxsinTﬂ- =0 —cosx(—1) = cosx
83. cos(nm + 6) = cos nwcos § — sin nrsin 0 84. sin(nm + 6) = sin nwcos 6 + sin 6 cos n

= (—1)"(cos 6) — (0)(sin 6)

= (—1)*(cos 6), where n is an integer.

(0)(cos 6) + (sin B)(—1)"

= (—1)"(sin 6), where n is an integer.
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b b b
85. C=arctan— = tanC=—- = sinC=———,cosC =
a a

a’ + b?

a

Ja* + b?

Ja% + b%sin(BO + C) = Ja? + b2<sin BO - a

b
+ N . cosBO) = asin BO + b cos BO
a

Ja? + b?
b
86. C = arctanE = sinC = L,COSC = —
b Ja? + b? Va2 + b?
b a
Ja* + b*cos(BO — C) = Ja* + bz(cos B - ——— + sin BO - 7)
( ) Ja* + b? Ja2 + b?

= b cos BO + asin BO
= asin BO + b cos BO

87. sin 6 + cos 0
a=1,b=1 B=1

b T
(a) C = arctan— = arctan 1 = —
a 4

sin @ + cos 0 = /a*> + b?sin(BO + C)

ﬂ sin<0 + g)

a T
b) C = arctan —- = arctan 1 = —
(b) arcanb arctan 4

sin @ + cos 0 = Va* + b*cos(BO — C)
T
= VZcos(8 - T
cos( 4)

89. 12sin360 + 5cos30;,a=12, b=5, B=3

b 5
(a) C = arctan — = arctan — = 0.3948
a 12

12sin 30 + 5cos 30 = Va* + b%sin(BO + C)
=~ 13 5in(30 + 0.3948)

12
(b) C = arctang = arctan? =~ 1.1760

Ja* + b*cos(BO — C)
13 cos(36 — 1.1760)

12sin 360 + 5 cos 360

U

88. 3sin20 +4cos260,;a=3,b=4, B =2

b 4
(a) C = arctan — = arctan g =~ (0.9273
a

3sin 26 + 4 cos 20 = Va?> + b sin(BO + C)
~ 5sin(26 + 0.9273)

3
(b) C = arctan% = arctan = 0.6435

3sin260 + 4 cos 20 = Va? + b* cos(BO — C)
~ 5 cos(26 — 0.6435)

90. sin20 —cos20;a=1,b=—1,B=2

(@)

(b)

b T
C = arctan — = arctan(—1) = — —
a 4

sin 20 — cos 20 = Ja? + b? sin(BO + C)

T
= /2sin| 20 — —
sm( 4>

Because b > 0 in the formula, we write the given
expression as
—(—sin20 + cos20);a=—1,b=1,B =2,

C t (a> tan(—1) 7
= arctan| — | = arctan(—1) = ——.

b 4
Hence,

—(—sin 20 + cos 20) = —/a?> + b>cos(BH — C)

a
= —/2cos{20 + .
COS< 4>
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b _m _ 7 _ a a_ _
91. C—arctan;—z = a=0 92. C = 4 arctan<b> = 1
Jad+br=2 = b=2 = a=-1,b=1
B: \/az+b2=ﬂ

Hence, B = 1 and

1
R A S

= %[—Sin 6 + cos 6]
= —%Sin 0+ %cos 0
= —ﬂsin 0+ 5\ﬁcos 0.
2 2
sin(x + h) — sinx _ sinxcosh + cos xsinz — sinx
93. =
h h
_ sin x(cosh — 1) + cosxsin h
h
_cosxsinh _ sin x(1 — cos h)
h h
94. (a) Domains of fand g are all real (b) n 0.01 0.02 005 | o1 0.2 05
numbers, & # 0.
(©) os f(h) | 0.4957 | 0.4913 | 0.4781| 0.4559 | 0.4104 | 0.2674
g(h) | 0.4957 | 0.4913 | 0.4781| 0.4559 | 0.4104 | 0.2674

\ (d) Ash —0,f — yand g— 5. In fact, f = g.

0 N . N 2106
0.2

95. From the figure, it appears that # + v = w. Assume that u, v, and w are all
in Quadrant I. From the figure:

¢ s 1
anu = — = —
35 3

K 1
tany = — = —
s 2

s
tanw = - =1
K

tanu + tanv  (1/3) +(1/2)  5/6
l —tanutanv 1—(1/3)(1/2) 1—(1/6)

tan(u + v) = 1 = tan w.

Thus, tan(x + v) = tan w. Because u, v, and w are all in Quadrant I, we have
arctan[tan(uz + v)] = arctan[tan w]

u-+v=w.
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96. (a) sin(u + v + w) = sinu cos(v + w) + cos u sin(v + w)
= sin u[cos v cos w — sin v sin w] + cos u[sin v cos w + sin w cos v]
= sin u COS v COS W — Sin u Sin v Sin w + COS u sin v coS w + €0S u sin w cos v
tan u + tan v
tan(x + v) + tan w [1 — tan u tan v] Ttanw
(b) tan(u + v + w) = =
1 — tan(u + v) tan w [tanu+tanv}
l—|—— |tanw
1 —tanutanv
_ tanu +tanv + tanw(l —anwutany)  tanu + tanv + tan w — tan u tan v tan w
(I —tanutanv) — (tanu + tanv)tanw 1 —tanutanv — tanu tan w — tan v tan w
97. x = 0: y=—%(0— 10)+ 14 =5+ 14=19 98. y=0: > —3x—40=(x—8)(x+5 =0
y-intercept: (0, 19) x-intercepts: (8, 0), (=35, 0)
y=0:0=—3x—10) + 14 x=0= y=-40
=—Ix+19 = x =38 y-intercept: (0, —40)
x-intercept: (38, 0)
99. x=0: 2000 -9 -5=9—-5=14 100. y=0: 2x/x+7=0 = x=0,—-7
y-intercept: (0, 4) x-intercepts: (0, 0), (=7, 0)
y=0 [2x—-9|=5 = x=7,2 x=0= y=0
x-intercepts: (2, 0), (7, 0) y-intercept: (0, 0)
101. arccos £ = T because cos = = £ 102. arctan(— \@) = — Thecause tan(—z> = -3
2 6 6 2 3 3
. T .
103. arcsin 1 = B because sin 3= 1. 104. arctan 0 = 0

Section 5.5  Multiple-Angle and Product-to-Sum Formulas

You should know the following double-angle formulas.
. . . 2 tan u
(a) sin2u = 2 sin u cos u (b) cos2u = cos>u — sin’u (c) tan2u = —————
1 — tan® u
=2cos’u — 1
=1-—2sin’u
You should be able to reduce the power of a trigonometric function.
1 — cos2u 1 + cos 2u 1 — cos2u
P2, — TP E b 2y = tan2y = —————
(a) sin®u ) (b) cos*u ) (c) tan” u |+ cos 2u

You should be able to use the half-angle formulas.

() sinu—+\w (b) cosu—+\/m © tEmg_l—cosu_ sinu
2 2 2 2 2 sin u 1 + cosu

—CONTINUED—
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—CONTINUED—
B You should be able to use the product-sum formulas.

1
(a) sinusiny = E[cos(u —v) — cos(u + v)]
. L. .
(c) sinucosv = 5[sm(u +v) + sin(u — v)]
B You should be able to use the sum-product formulas.

J’_ —
(a) sinx + siny = 2 sin(x 5 y) cos(x 5 y>

(b) cosucosv = %[cos(u — ) + cos(u + v)]

(d) cosusinv = %[sin(u + v) — sin(u — v)]

x+y S,nx—y
1
2 2

(b) sinx —siny =2 cos(

+ - + -
(¢c) cosx +cosy =2 cos(x 5 y) cos(x ) y) (d) cosx —cosy = —2 sin(x y) sin(x 5 y)
Vocabulary Check
+
1. 2sinucosu 2. # 3. cos2u
u 2tan u 1
4. tan - e .5 -+ +
tan 5 T 6 2[cos(u v) + cos(u + v)]
7. sinu 8. cos% 9. %[sin(u + v) + sin(u — v)]

fu+ v u—v
10.2s1n< > )cos( > )

1. (a) sin 0 =

(b) cos 0 =

(c) cos 20 = cos? O — sin? 0

169 _ 7

25 25 25
(d) sin26 = 2 sin 6 cos 6

-9

sin260 24

2 = = —

(e) tan 26 cos 260 7
1 25

(f) sec260 = o520 7
1 25

(&) esc20 = 0~ 24
(h) cot26 = ! —

tan260 24

2. (a) sin O = 12

13
b H—i 13 12
(b) cos 6 = 3
(c) sin260 = 2 sin O cos AN

5
—o(2)(3)- 10
~\13/\13) 169

(d) cos26 = cos>H — sin? 6
25 144  —119

169 169 169

(e) tan 20 = ngziz _ %ﬁo
(f) cot26 = tan12(9 _ %(1)9
(g) sec26 = Coslze _ %29
(h) csc26 = sin129 _ %
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3. sin2x —sinx =0 4. sin2x + cosx =0
Solutions: 0, 1.047, 3.142, 5.236 Solutions: 1.5708, 3.6652, 4.7124, 5.7596
Analytically: Analytically:
sin2x — sinx = 0 sin 2x + cosx = 0
2sinxcosx —sinx =0 2sinxcosx + cosx =0
sinx(2cosx — 1) =0 cosx(2sinx + 1) =0
sinx =0 or 2cosx—1=0 . 1
cosx =0 sinx = ——
x=0 CoS X !
= , T = —
2 T 37 T 1la
X ==, — X=——"
0T 5w o 5w 272 6" 6
) 33
5. 4sinxcosx = 1 6. sin 2x sin x = cos x
x = 0.2618, 1.3090, 3.4034, 4.4506 x = 0.7854, 1.5708, 2.3562, 3.9270, 4.7124, 5.4978
Analytically: Analytically:
4dsinxcosx =1 2sinxcosxsinx —cosx =0
2sin(2x) = 1 cosx(2sin?2x — 1) =0
1 = 1 2 _— =
sin(2x) = + cosx =0 or 2sinx—1=20
2
_m3m o 1
yp_ 5T 137 17 T e
66" 6 6 o +£
L _ 5T 137 17w T
127127 127 1
_73mSnn
YTY 4 s g

7. cos2x — cosx = 0
x = 0,2.094, 4.189, (6.283 not in interval)
Analytically:
cos2x —cosx =0

2cos?x — 1 —cosx=0

(2cosx + I)(cosx — 1) =0
Cos X = 5 cosx =1
27 4
x = ?77’ ?77, 0, (27 not in interval)
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8. tan2x —cotx =0 9. Solutions: 0, 1.571, 3.142, 4.712
x = 0.5236, 1.5708, 2.6180, 3.6652, 4.7124, 5.7596 sin 4x = —2 sin 2x
Analytically: sin4x + 2sin2x = 0
2 tan x 2 sin 2x cos 2x + 2sin2x = 0
ﬁ = cotx
an-x 2 sin 2x(cos 2x + 1) =0
— _ 2
2tanx = cot x(1 — tan’ x) 2sin2x =0 or cos2x+1=0
— _ 2
2 tan x = cot x — cot x tan> x sin2x = 0 cos 2x = —1
2tan x = cotx — tan x 2% = nar 2% = 7+ 2nar
3tan x = cotx "
3tanx —cotx =0 x=577 x=5+n77
1 T 3w T 37
3t - =0 -0 = - 2= — o
anx tan x X 0,2,77, 2 X D)
3tan’x — 1
— =0
tan x
(Btan2x — 1) =0
tan x
cotx(3tan’x — 1) =0
cotx =0 or 3tan’x —1=0
T 37 ) 1
X =—-, — tan- x = —
202 3
V3
tanx = +——
3
w57 7w 1w
T 6 6 6
_Z @ 3m i 57 lla
T2 66 27 6
10. (sin 2x + cos 2x)? =1 11. cos 2x + sinx =0
x = 0.0, 0.7854, 1.5708, 2.3562, 3.1416, 3.9270, Using a graphing utility, x = 1.5708, 3.6652, 5.7596.
4.7124, 5.4978 Algebraically:
Analytically: cos2x + sinx =0

I
—_

sin? 2x + 2 sin 2x cos 2x + cos? 2x 1 —2sin?2x + sinx =0

2sin2xcos2x =0 2sin?x —sinx—1=0
sin4x =0 (2sinx + 1)(sinx — 1) =0
e sinx——l:x—hillw
nar 2 6° 6
xX=—
4 .
sinx =1 = x ==
2
o m 37
x=0,— =
42 4
Sw 3w 17w
T,
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. 3 T 4
12. tan2x — 2cosx =0 13. s1nu=g,0<u<5 = cosu=g
Usi hi tility,
sing a graphing utility. ' - B 3 4 24
x =~ 0.5236, 1.5708, 2.6180, 4.7124. Sin2u =2sinucosu =250 o=
Algebraically: ) ) 16 9 7
cos2u = cos“u — Sin“u=—— —=——
tan 2x = 2 cos x 25 25 25
2 tan x 5 can 2 2 tan u 2(3/4) 24
- = u = = = —_—
1 — tan2x -7 1 —tan2u 1-—(9/16) 7
sin x ( sinzx)
=cosx| 1 — >
COS X cos’ x
(Note' cosx=0= x = z 3£>
) 22
sin x = cos?x — sin? x
sinx =1 — 2sin?x
2sin?x + sinx — 1 =0
(2sinx — 1)(sinx + 1) =0
sinx = l = x = z Sl
2 6’ 6
. 37
sinx = -1 = x=—
2
T
cosx=0 = x= )
2 T "
14. cosu = 75 < u < 7, QuadrantII
. . J45 2 125
sin2u =2sinucosu =2(—— || —=| = —_—
7 7 49 .
V5
4 45 41
_ 2 in? gy — T
cos 2u = cos“u — sin“u 19 " 29 49 .
an 2y — 2 2A=V45/2) - V45 125
T T an?u 1 - (45/4)  (4-—45)/4 41
15. t : <u< 3 = i 1 d 2
Ltanu=—, m<u<-— sinu = ———=andcosu = ———
2 2 J5 J5
2w =zsinweosu =2~ )~ 72) =5
sin2u =2sinucosu =2 ——=||——=] ==
NEVANEVEY AN
2 \? 1\* 3
cos 2u = cos? u — sinu = (—7) — <—7> ==
V5 J5) 5
2 tan u 2(1/2) 4
tan 2u = = ==

1 —tan’u 1 —(1/4) 3
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37 y
16. cotu = —6,7 < u < 2, Quadrant IV
sin2u = 2sinucos u = 2<—L><L> = — U - !
V31\V37 37 .
V31
cos 2u = cos?u — sin?u 613
37 37 37 not drawn to scale
2tan u 2(—1/6) —-2/6 12
2u = = = - __Z
a1 — (—1/6)°  35/36 35
17. sec =—§E< < 18 cscu=371<u<
. u > 7 u < . 'S T
2 V21 . 1 2.2 -1 -2
= —— i = — sinu = —,cosu = — Jtany = ——= = ——
coS u 5 = sinu 5 u 3 u 3 u ~ /3 7
21 2 —4/21 . . 1)( 22 —42
sin 2u = 2 sin u cos u 2( 5 )( 5> 25 sin 2u Sin u cos u <3 3 9
4 21 17 . 8 1 7
=cos?u —sinfu=-—-—"-=—— cos2u = cos*u —sinfu=_-——=—
cos 2u = cos“u — sin“u 25 " o5 25 979779
tan 2 — 2 tan u tan Ju — 2tanu  _ (—2ﬂ)/4 _ —4/2
1 —tan®u 1 —tan?u 1 —(1/8) 7
_2V21/-2) _ - 21 _ 4421
1 — (21/4) —17/4 17
V21 5

19. 8 sinx cosx = 4(2 sin x cos x) = 4 sin 2x

21. 6 — 12sin?x = 6(1 — 2sin?x) = 6 cos 2x

20. 4sinxcosx + 1 =2sin2x + 1

22. (cos x + sin x)(cos x — sinx) = cos?x — sinx

= cos 2x

23. cos*x = (cos? x)(cos? x) = ( 5

2

1 + cos 2x><1 + cos 2x

> 1+ 2cos 2x + cos?2x
4

1 +2cos2x + (1 + cosdx)/2 2+ 4cos2x + 1 + cos 4x

4

3+ 4cos2x + cosdx

8

8

1
§(3 + 4 cos 2x + cos 4x)
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24. sin* x = (sin? x)(sin? x)

<1 — cos 2x><1 — cos Zx)
2 2

1 — 2 cos 2x + cos? 2x

25. (sin? x)(cos? x) 5

1 — cos? 2x
4

)

4 _l<1_1+cos4x
4 2
1+ 4
1 —2cos2x + (ﬂ)
= 2 —1(2 — 1 — cos 4x)
B 4 8
2 —4cos2x + 1 + cosdx 1
= 2 =§(l—c0s4x)

1
= §(3 — 4 cos 2x + cos 4x)

1+ 2x\3
26. cos® x = (cos? x)? = <w>

2

0 | =

0 | =

o0 | —

0 | —
T

[1 + 3 cos2x + 3 cos? 2x + cos’ 2x]

1 + cos 4x 1 + cos 4x
1+3cos2x+3+———+cos2x{——
L 2 2
5 3 1 1
— 4+ 3cos 2x + —cos 4x + —cos 2x + —cos 2x * cos 4x
2 2 2 2

5 7 3 11
= —| = + —cos 2x + = cos 4x + — —(cos 2x + cos 6x)
2 2 2 22

1
= 5[10 + 15 cos 2x + 6 cos 4x + cos 6x]

27. sin? x cos* x = sin? x cos? x cos? x =

<1 — cos 2x><1 + cos 2x><1 + cos 2x>
2 2 2

1

g(l — cos 2x)(1 + cos 2x)(1 + cos 2x)
1

g(l — co0s2 2x)(1 + cos 2x)

1
g(l + cos 2x — cos? 2x — cos’ 2x)

1[1 b cos 2x — (1 + cos4x> ~ cos (1 + cos4x>]
8 * 2 T2

1
E[2 + 2cos2x — 1 — cos 4x — cos 2x — cos 2x cos 4x]

1 1 1
E[l + cos 2x — cos 4x — (5 cos 2x + ECOS 6x>}

1
5(2 + 2 cos 2x — 2 cos 4x — cos 2x — cos 6x)

1
5(2 + cos 2x — 2 cos 4x — cos 6x)

2

<1 — cos 2x><1 + cos 2x

)
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28. sin® x cos? x

_ 1
16

= sin? x sin? x cos? x

- (1 — cos 2x><1 — cos 2x><1 + cos 2x>
2 2 2

1
= —(1 — cos 2x)(1 — cos? 2x)

8

1
= g(l — cos 2x — cos? 2x + cos’ 2x)

+ +
= l[1 — cos 2x — (ﬂ) + cos Zx(wﬂ

8 2 2

[2 — 2cos2x — 1 — cos 4x + cos 2x + cos 2x cos 4x]

= %[1 — cos 2x — cos 4x + 1cost + 1cos 6x]

2 2

1
= 5[2 — 208 2x — 2 cos 4x + cos 2x + cos 6x]

1
= 5[2 — cos 2x — 2 cos 4x + cos 6x]

1 - 4 1+ 4
29, §in?2x = — 30, cos?2x = — B
2 2
1 1 1 1
—§—§c0s4x —§+§cos4x
—1(1 — cos 4x) —l(l + cos 4x)
2 2
1+ cosx X 1 — cosx
2X _ 1T COSX .o X 1 7 COsx
31. cos > > 32. sin ’ >
1 1 1 1
= — 4+ — = — — —
> 2cosx > 2cosx
= 31+ cos = 31 = cos
=5 CoS X =5 coS x
. 1 — cos4x\/1 + cos 4x X X 1 —cosx\(1 + cosx
33. sin? 2x cos?2 =< )( ) X 2,:( >< )
sin® 2x cos” 2x > 5 34. sin 2cos > > >
1 1
:Z(l — cos 4x)(1 + cos 4x) =Z(l — cos x)(1 + cos x)
Il(l — cos? 4x) =1(1 — cos? x)
4 4
_l(l_l—f—cosSx) _11_1+0052x>
4 2 4 2
1 — cos 8

1
3 = §(1 — cos 2x)
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35.

37.

38.

VI RS R [ e
sin 5 (sm 2)<sm 2)
_ (1 — cosx)(l — cosx)
2 2

= %[1 — 2cos x + cos? x]

1 1+ 2
:Z[l - 2(:osx+7(;os x}
1
=§[2 —4cosx + 1+ cos 2x]

1
= §[3 — 4 cos x + cos 2x]

4 X _ 2 X 2 X
36. cos ’ <cos 2><cos 2)

_ <1 + cosx)(l + cosx)
2 2

1
= Z[l + 2 cosx + cos? x]

:1
4

7[1 + 2cosx +

2

1 + cos 2x

]

1
=—|2+4cosx + 1+ cos2x
8

= l[3 + 4 cos x + cos 2x]
8

0 [t+coso_ 1+ (15/17) f 4 _ 4417
(a) cosT = ==
2 J17 17
) anf [l1—cosf _ [1- (15/17)
2
© tang sinf  8/17 8 _1
2 1+cos® 1+ (15/17) 32 4
0 1 1 V2 J17
(d) sec— =

1 I

2 cos(6/2) - J( + cos 6)/2 N

1+ (15/17) 4
1

(e) csc

_ 1
[1—(5/1m]2 1/J17

2 sin(6/2) /(1 — cos 0)/2 -
0 _1+cosf 1+ (15/17)
Ocoty =G ~ 817 *

.6 6 1 417 8 .
(2) 2 sin - cos = 2<\/ﬁ><\1/7>> =17 (= sin 0)

0 0 .0 217
(h) 2cos2tan2 =2si 2 7

.0 [1-coso /1—(7/25)_ﬁ_3
(@) siny = 2 2 Vs s

) cosg /1 + cos 6 +cos€ /1 + (7/25 _4
2 5
0 _ sin(6/2) _3

©t 2 cos(6/2) 4
6 1 4

(@ coty = an(6/2) ~ 3
o1 s

(©) sy = Cos(0/2) _ 4

sin 0 = 15

15
cos =5

=17

1 5
f hd [
(t) ese 2 sin(6/2) 3
0 0 24
(2) 2s1n§cos§ =sin 0 = 55

2
_ 20 _ —
(h) cos20=2cos* 0 — 1= 2(25>

]
24

17
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39.

40.

41.

42.

43.

44.

sin 15° = sin<l J 1= cos 30 o 30 1=1V372) (2‘@/2) - %m

2 =

. 3()0) =
/1 + ° +
coslS°=cos<%-30°>= % 1(2\/’;’/2):; 2+ /3

o 1 o sin 30° 1/2 . 1 _
tanlS—tan(2 30) 1+cos30°_1+(\/§/2)_2+\/§_

-3
| 1 — cos 330° 1 =(J3/2) 1
sin 165° = sin<* . 330°> = [T (v3/2) _ ~J2- /3
2 2 2 2
o ]

1 /1 + cos 330° 1+ (V32
cosl65°=cosf-330°>=— L M:_, 2+ V3
2 2 2 2
i sin 330° ~1/2 1
tan 165° = tan( > - 330°) = = = =/3-2
o an(z ) I +cos330° 1+(J32) 2+3

] 1 — cos 225° ]
sin112°30’=sin<*-225°>= s /sz NG
2 2 2 2
2

1 I + cos 225° - 1
cos 112°30" = cos<— - 225°> __ Jiresms | f1-(V2p) L pT s
2 2 2
1 in 225° ~ /22
tan 112° 30" = tan<* : 225°> L L ., 22
2 I +cos225° 1 —(/2/2)

157°30" = 157.5° = %(315°), Quadrant 1T

e (1N [J1—cos3is 11— V22 J2- 2
sin(157°30") = sm<2 315 ) = — = > = 7
) 1 + cos 315° 1+ V2/2 Y2+ V2
315 - jireessb ) _
2 2 2
V2

_sin315°  _ —V2/2 -2
1 +cos315° 1+ J/2/2 2+ 2

sl (7)) - 5
i eoli)] - V-

cos(157°307) = cos(%

tan(157°30') = tan(l .

> 315)

N

% 2+ V2
T If(a@\] _  sin(w/4) J2/2 B
tang = tan[2<4>} S l+cos(n/d) 1+ (V2)2) 2o

sin% = sm[%(%ﬂ =
x2S

tn 5 = tan[i(gﬂ B jirlg:{i)/ﬁ) g 1(/J2§/2) =2- 3

1 —cos(m/6) _ [1—=(V3/2) 1 ;—
ﬁ_ 2 =,V2 V3
. -
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45.

46.

47.

49.

sin% = sin(% . 377 </ I~ cos (377/4 7/2 %\/24—7

o -l %%) WE= RV SRy

37 (1 377) sin(377/4) V2/2 J2
tan— =tan| -+ — | = = = =J/2+1

8 2 4 I +cos(3m/4) 1-(V2/2) 2-2
T 1(7w
- §<?), Quadrant IT
sin<7—ﬂ-> = sin<1 . E) - \/1 — cos(7m/6) _ \/1 + (ﬁ/Z) _ 2+V3

12 2 6 2 2 2

(777) (1 777) 1 + cos(77/6) 1 - (V3/2) 2- U3
cos|— | =cos|Z-—|=— —_— = = = -

12 2 6 2 2 2

Tm\ _ 1 77\ _ sin(7w/6)  —  —(1/2) _ 1 _
tan(l ) —tan<2 6 ) 1+ cos(7m/6) 1 — (\/§/2) - J3-2 “2-3

5 12

sinu=13 72T<u<77=>cosu— E 48. cosu=2l5,0<u<g, Quadrant I

. (u\ /1 —cosu . — _ 49
sm<5> — 72 sinu = V1 — cos2u = 1 625
_ 1+ (12/13) 526 smg /1 — cosu
2 26

o 1-12/13) V26 co#: /1+COS“
B 2 26
<u> sin u 5/13 5 /1+ 7/25 f
tan|— | = = =—=35

24

25

2) 1+4cosu 1—(12/13) 1
1 —cosu 1—(7/25 18 3
tan = = = =
2 sin u 24/25 T 24 4
tan u = —%, 3777 < u < 2, Quadrant IV
sinMZ—L,cosu—i f\
/89 /89 N\
G g /1 — cosu \/1 (5//39 \/ 89 —5 \/89—5\/ -
2 /89

l\)t

/l+cosu /1+{5 V89) _ V89 +5 89+5ﬁ
COS -
2./89

t(f)_l—cosu 1—5/\/>) 5—\/@
an © sinu -8/V89 8

<

[\
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3
50. cotu =7, m<u< EE Quadrant III
i \/l—cosu_\/1+(7/\/ ) V5 +7 \/50+7\/ .
) 10 7 N
u 1+cosu 1—7/ 0—7 50 —7/50 750
cos 5 = 10
not drawn to scale
u_ 1—cosu 1+7/50
— = = — —+
tan T  sinu Y %o (\/50 7)
5 T ,
51. cscu = —g, T< U< R Quadrant III )
o 4 = N
sinu = 5,cosu— 5 || u
-3 4
¢in ) /l—cosu /1 + ( 4/5 _ V10
10
cosg _ /1+cosu /1—(4/5) -1 J10
2 2 J10 10
u _1—cosu_1+(4/5)__
tan<2> - sinw —3/5 3
-7 @ Y
52. secu = 2,2<u<77
cos = =2 sinu = 33
u 7 SIn u 7 35| \7
u \/1 — cosu \/1 +(2/7) 9 3.4 -~
sin— = = = — = :
2 2 2 14 14 -2
u:\/1+cosu:\/l—(2/7): 5 _J70
) 2 2 14 14
tanEzl—cosu_l-i-(2/7) 9 3.5
2 sinu 3(V5/7) 35 5
1 — cos 6x 1 + cos 4x 4x
53. ———— = |sin 3 4. Bt i) )
5 |sin 3x| 5 / 5 cos 2‘ |cos 2x|
1 — cos 8x V(1 — cos 8x)/2 /1 —cos(x— 1) x— 1)‘
55. — = - s1n
1 + cos 8x V(1 + cos 8x)/2
sin 4x
= — = —|tan 4
cos 4x [tan 4x]
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X
57. smE —cosx =20

N 1 — cosx
+ . /————=cosx
2

1 — cosx
2

= cos®x

0=2cos’x + cosx — 1

= (2cosx — 1)(cosx + 1)

1
cosx = — or cosx = —1
2
T S
x:—’i =
3 3 xX=1

By checking these values in the original equations,
we see that x = 77/3 and x = 57/3 are the only
solutions. x = 77 is extraneous.

X
59. cos— —sinx =0
2
1+ cosx .
+ . /—— =sinx
2
1+ cosx -
#Zsm X

1 + cosx = 2sin?x
1+ cosx =2 — 2cos?x
2cos?x +cosx—1=0

(2cosx — I)(cosx + 1) =0

2cosx—1=0 or cosx+1=0
! 1
CoOSX = — cosx = —
X > X
T S
xX=—— xX=1
3°3
T S
X =T
3 3

/3, m, and 57/3 are all solutions to the equation.

3 2 33 3 3

58. h(x) sin% + cosx — 1

X
sin§+cosx— 1=0

/1 — cos x
i e —
2

1 — cosx
2

1 —cosx

=1 —2cosx + cosx

1 —cosx=2—4cosx + 2cos?x
2cos?x —3cosx+1=0

(2cosx — I)(cosx — 1) =0

2cosx—1=0 or cosx—1=0
! 1
cosx = — cos x =
2
T S
X=—-— x=20
3°3
X .
60. glx) = tang — sin x

X .
tan - — sinx = 0
2

1 — cosx

- sin x
sin x

1 — cosx = sin®x
I —cosx =1—cos?x

0

cos>x — COS X

cosx(cosx — 1) =0

cosx =0 or cosx—1=0
T 3 !

=— — cos x =

X 3 X
x=20

0, 7/2, and 37/2 are all solutions to the equation.

61. 6 sin%-rcosE =6- l[sin(ﬂ + 7—T> + sin(z - E)} = 3[sin2?w + sin O} =3 sin%-r

S 1 T  Sw T

62. 4 singcosf =4- *[sin<* + 7) + sin(* - —

6 2 3 6 3

J| = 2fsin g+ snl =3 = 2fon 5 in )
=2(sin— + sin|—— || = 2(sin— — sin —
6 2 6 2
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. sin 56 cos 36 = 3[sin (56 + 36) + sin(56 — 36)] = 5(sin 86 + sin 26)

. 5sin3asinda =5 - 3 cos(3a — 4a) — cos(3a + 4a)] = %[cos(—a) — cos(7a)] = %[cos a — cos Ta
. 10 cos 75° cos 15° = 5[cos(75° — 15°) + cos(75° + 15°)] = 5[cos 60° + cos 90°]

. 65in 45° cos 15° = 3[sin(45° + 15°) + sin(45° — 15°) = 3[sin 60° + sin 30°]

. 5cos(—5B) cos 38 = 5 - J[cos(—=58 — 3B) + cos(—58 + 3B)]
= [cos(—8B) + cos(—2B)] = 3(cos 8B + cos 2)

. cos 26 cos 40 = 3[cos(26 — 46) + cos(26 + 46)] = 3[cos(—26) + cos 66] = 3(cos 26 + cos 66)
. sin(x + y) sin(x — y) = %[cos((x +y) —(x—y) —cos((x+y) +(x—y)] = %[cos 2y — cos 2x]
. sin(x + y) cos(x — y) = 3[sin((x + y) + (x — y)) + sin((x + y) — (x — y))] = 3[sin 2x + sin 2y]

. cos(8 — ) sin(6 + 7) = A[sin((6 — m + (8 + ) — sin((6 — @) — (6 + )]
= %[sin 260 — sin(—2m)] = %[sin 26 + sin 2]

. sin(@ + m) sin(@ — w) = %[cos(((? +ma) —(0—m) —cos((6+ m + (60— m)] = %[cos 27 — cos 26|

p— + —_
. sin56 — sin 6 = 2 cos(se + 9) s.in<5‘9 0) 74. sin360 + sin 6 = 2 sin<3(9 6) cos<30 0)
2 2 2 2
= 2cos 36 - sin26 = 2sin 26 cos 6
. cosbx + cos2x =2 cos<6)C * 2x> cos<6x — 2x) 76. sinx + sin 7x = 2 sin(x * 7x> cos(x — 7x>
2 2 2 2
= 2 cos 4x cos 2x = 2 sin 4x cos(—3x)

= 2 sin 4x cos 3x

= 2cos asin fB

a+B+a—B>Sin<a+B—a+B>

. sin(a + B) — sin(a — B) =2 COS( 5 2

. cos(¢ + 2m) + cos ¢ = 2 cos

S L et ECUSR R

. Cos<0 + g) - cos<0 - g) =2 sin<0 + (7/2) sz 0~ (7T/2)> Sin(a + (7/2) ; o + (77/2)>

= —2sin HsingZ — 2sin 0

. sin(x + g) + sin<x - g) =2 sin(x * (7/2) ; Sl (W/2)> cos(x * (7/2) ; s (W/Z)) =2 sinxcosg =0
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81. sin 195° + sin 105° = 2 sin (195 + 105

82. cos 165° — cos 75° = —2sin )sm<165 — 7 ) = —2sin(120°) sin(45°)

A2

(165" + 75

83. cosslf2 + cos 17; ) COS<(57T/12)2+ (77/12)> COS((SW/IZ)Z— (7/12)
=2 cos(?{) COS(%T) = <‘f)<\£§) = 2T‘/€ — ?
84. sin%T - sin% - 200s<(1177/12) + (777/12)> Sm((llw/lz)z— (777/12)>
o))
85. sin 6x + sin 2x = 0
) sin<6x ;— 2x> C05(6)6 ; 2x> 0

sin4xcos2x =0

sindx =0 or cos2x =0

4x = nr 2x=g+n77
ni T nw
X =" X=—-+—
4 4 2
3 57 37 7
In the interval we have x = 0, E, E, l, T, j, l, l.
42 4 4724
86. h(x) = cos 2x — cos 6x

cos 2x — cos 6x = 0
—2 sin 4x sin(—2x) = 0
2sin4xsin2x = 0

sin4x = 0 OR sin2x =0

4dx = nmr 2x = n

nw niw

== r==

Ty 2
T m 37 Sw 3w 17w
'x = 0’ 7’ 77 7’ 7T’ 79 7’7
4° 2 4 42 4

cos(195 — 105° ) = 2 sin(150°) cos(45°) = 2(*
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cos 2x . . 5
8. —— - 1=0 88. f(x) = sin?3x — sin®x
sin 3x — sinx
sin? 3x — sinx = 0
_cosx _, : N :
sin 3x — sinx (sin 3x + sin x)(sin 3x — sinx) = 0
cos2e 1 (2 sin 2x cos x)(2 cos 2x sinx) = 0
Ny 3
2 cos 2x sin x sin2x=0:>x=0,127,77,7ﬂ- or
2sinx =1
| 0 = T 3
cos x = X=—_,—— or
sin x = > 272
) 0 = w 37 Sm I
cos 2x = X=——,— — or
y= T3 4474 4
6’ 6

13
3 |
o)
L= o

12
Figure for Exercises 89-92

89. sina = (3)’ = &

169

. 2
sm2a=l—cos2a=l—(§) =1= 19 = T

5\/4 4
91. sin acos B = (E)(E) = ey

sin acos B = cos(% - a) sin(%T - ,8>

(B)E) -5

sin 26

1
~ 2sin Ocos O

1 1

:sin0'200s0

93. csc 26 =

_csch
2 cos 6

95. cos?2a — sin? 2a = cos[2(2a)]

cos 4a

97. (sin x + cos x)? = sin? x + 2 sinx cos x + cos? x

90. cos? a = (cos a)? = (%)2 = %

. 52 25 _ 144
cosza—l—sm2a=l—(§) =1-1% = 160

92. cos asin B = (12><§> _3

13\5) 65

cos a sin B = sin(% - a) COS<E - B)

2
S(2)2)-2
13/\5 65
1 1
94. 20 = =
see cos 20  cos? O — sin? 0
1/cos? 0
1 — (sin? 6/cos? 6)
_ sec’ 0
1 — tan? 0
_ sec? 0
1 — (sec20—1)
_ sec’ 6
2 —sec’ 0

96. cos* x — sin* x = (cos? x — sin® x)(cos? x + sin® x)

= (cos 2x)(1) = cos 2x

= (sin?x + cos?x) + 2sinxcosx = 1 + sin 2x
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98. sin%cos% = %[sin(% + %) + sin(% - %)] 99. 1 + cos 10y = 1 + cos? 5y — sin? 5y
=1+ cos?5y — (1 — cos?5y)
1. 2
—2sm 3 = 2 cos? 5y
1
100, S0338 _ cosCB+ ) 101. sec> = ———
cos B cos B 2 cos(u/2)
_ cos2Bcos B — sin2Bsin B . / 2
cos B B 1+ cosu
:(1—2sin2,8)cosB—Zsin,BcosBsin,B ., / 2sinu
cos 3 e sin u(1 + cos u)
= (1 —2sin?B) — 2sin? B \/ 2 sin u
=+
=1—4sin*B sinu + sin u cos u
_ (2 sin u)/(cos u)
- (sin u)/(cos u) + (sin u cos u)/(cos u)
/  2tanu
=+ -
tan u + sinu
u 1 —-cosu 1 cos u
102. tan—- = - = — — — =cscu — cotu
2 sin u sinu  sinu
103. cos 33 = cos(2B + B)
= cos 23 cos B — sin 2B sin B = (cos?> B — sin?>B) cos B — 2 sin B cos B sin B
= cos’ B — sin? Bcos B — 2sin®> Bcos B = cos® B — 3 sin® Bcos B
. <4x + 2x> . <4x - 2x>
—2sin sin
104. sin 48 = 2 sin 2 ) 105 cos 4x — cos 2x 2 2
+ S4B = 2sin 2 cos 2P " 2sin3x 2 sin 3x
= 2[2si 2B — sin?
[2 sin B cos B(cos? B — sin® B)] D sin3rsing
= 2[2sin Bcos B(1 — sin®> B — sin? B)] T 2sin3x
= 4 sin B cos B(1 — 2 sin® B) = —sinx
. <3x+x> ) <3x—x>
—2sin sin
cos 3x — cos x 2 2 cos 4x + cos 2x 2 cos(3x) cos x
106. — - = 107. — : = :
sin 3x — sin x <3x + x> . <3x — x) sin4x + sin 2x 2 sin(3x) cos x
2 cos sin
2 2 = cot 3x
—2sin 2x sin x
= ————— = —tan 2x
2 cos 2x sin x
+ —
108. c9st cos 3t _ 2cos 2t cosﬂ 1) _ Cf)st — ot
sin 3¢ — sin ¢ 2 cos 2t sin t sin ¢
T ox+ T Trx-T4
[ (w e "6 6 " 6 o
109. sin r + x| + sin rad 2 sin B cos e 2 sin — cOs X = COS X

6
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L T ex-T4x
110 cos(z-i-x) +cos<z—x> = 2 cos —3 cos 3— =200szcosx=cosx
) 3 3 2 2 3
1 — 2 1 2 1+ 2 1 2
111. Sinzxsz*—cos d 112. f(x) :Coszx:wzf_f_cos X
2 2 2 2 2 2
2 2

1
Shifted upward by 5 unit.
VAVAVAVANN HAVAVIAVAVIS

1
Amplitude: |a| = 3

2 -2
2
Period: 777 =
1
113. f(x) = cos*x = §(3 + 4 cos 2x + cos 4x) 114. f(x) = sin®x 2
2 1 — 2
=sina L) A
PR AWAW.WAWS
2
2
115. sin(2 arcsin x) = 2 sin(arcsin x) cos(arcsin x) 116. Let 6 = arccos x.
= 2xJ1 — x? cos(2 arccos x) = cos2(arccos x) — sin?(arccos x)
=x2—(1—x%)
1 . =2 -1
0 ! 1-x2
1—x2
0
117. cos(2 arcsin x) = 1 — 2 sin?(arcsin x) 118. Let u = arccos x.
=1 — 2x2 sin(2 arccos x) = 2 sin(arccos x) cos(arccos x)
=2J1 — x2(x) = 2xJ/1 — x2
119. cos(2 arctan x) = 1 — 2 sin?(arctan x) 120. Let u = arctan x.
—1-2 X 2 sin(2 arctan x) = 2 sin(arctan x) cos(arctan x)
1+ x2 X 1
=9 .
% 1+x2 J1+x2
1 + xz 2x
N 1+ 2
a 1+ x2 1+x2
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121. (a) y = 4sin§ + cosx

4 Maximum: (1, 3)
0 2w
0
(b) 2COS%—Sinx=O
< /1 + cos x) .
21 + —— | = sinx
2
1 + cos
4(72Cog x) = sin®x

2(1 + cosx) =1 — cos?x

cos?x +2cosx+1=0
(cosx+1)2=0
cosx = —1

X =1

123. (a) y =2 cos% + sin 2x

4

OL&tZﬂ

-4

Maximum: (0.699, 2.864)
Minimum: (5.584, —2.864)

(b) 2 cos 2x — sin(x/2) = 0 has four zeros on
[0, 277). Two of the zeros are x = 0.699 and
x = 5.584. (The other two are 2.608, 3.675.)

122. f(x) = cos2x — 2sinx
(@) 2

oivgzﬂ

-4

Maximum points: (3.6652, 1.5), (5.7596, 1.5)
Minimum point: (1.5708, —3)
(b) —2cosx(2sinx +1)=0

—2cosx =0 or 2sinx+1=0
0 ' !
= inx = ——
COS X Sin x )
_ 737 _Jm lm
YT T8 6
gz 1.5708 T < 36652
3 T
= = 47124 —= ~ 5759

124. f(x) =2 sin% -5 cos<2x - g)

(@) ¢

AA

-8

o

Maximum point: (1.9907, 6.6705)
Minimum point: (0.3434, —4.6340)

(b) 10 sin<2x - ?f) + cos% =0

x = 0.343,1.991, 3.544, 5.064

The first and second solutions correspond to
the maximum and minimum points in part (a).
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125. (a) f(x) =sin2x — sinx =0
2sinxcosx — sinx = 0
sinx(2cosx — 1) =0

sinx =0 = x =0, 27

(b) 2cos2x —cosx =0
2(2cos?x — 1) —cosx =0
4cos’x —cosx—2=0

1+ JT+32 1+.33

COS X =

8 8
<1 + \/33>
x = arccos| ———
8
(1 + \/33>
X = 271 — arccos T

x = 0.5678, 2.2057, 4.0775, 5.7154

1 .
127. (a) r = §v02 sin 26
— i 2(2 in 6 0)
0 Vo (2 sin 6 cos

.
:Evo sin 0 cos 6

(b) r = %voz sin 6 cos 6

= T16(80)2 sin 42° cos 42° = 198.90 feet

) r

= T6V02 sin 6 cos 0

1
300 = E"oz sin 40° cos 40°

. 300(16)

0" = Sin40° cos 4o° 7480955

vy = 98.73 feet per second

(d) sin 26 is greatest when 6 = 45°.

X nf -QT: 1 —cosf
129. > 2r sin > X 4r[sm2 4r >

126. (a) f(x) = cos2x + sinx =0
I —2sin>x +sinx =0
2sinx —sinx —1=0

(2sinx + 1)(sinx — 1) =0

sinx——l:x—hinw
2 6’ 6

. T
sinx =1 :>x=§

(b) —2sin2x + cosx =0
—4sinxcosx +cosx =0

cosx(1 —4sinx) =0

=7l3£ in<l> — ar in<l>
X 2,2,arcs 4,77 arcs 1

x = 1.5708, 4.7124, 0.2527, 2.8889

128. (a) sin(
cos(

A= lbh = l(20 i Q)(lo Q)
=bh=7 s1n2 0052

b/2 .0
)— 10 $19—2Osm2

4
2
0 h 0
5) EﬁhZIOCOSE
= 100 singcosg
2 2
. 0 0 .
(b) A =50 251nEcos§ = 50sin 6

The area is maximum when 6 = g, A = 50.

= 2r(1 — cos 0)
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6 1
130. sin- = —
30 sm2 Y
N 6 _m o o .60 [f1l—cosf 1
(5:1)51n2—1—1:>2 2:>0 T = 180 (d)sm2— ey
.01 2 l—cosf_ 1
(b)sing =35=3 2 M
0 (2 2
5= arcsm<9> =~ (0.2241 1 —cos 6= Ve
0 =~ 0.4482 = 25.7° 2
cosf=1-— Ve
(c) M =1 = Speed = 760 mph
Speed
M=45 = 760 4.5 = Speed = 3420 mph
131. False. If x = m, sing = sing = 1, whereas 132. True. sin(7r) = 0andy = 4 — 8sin’> 7 = 4,
a maximum.
. 1 — cos -
</ — .
) X
133. f(x) = 2sin x[2 cosz<5> — 1}
(a) 2 (b) The graph appears to be that of y = sin 2x.
WA AW : [ 2<x) ]_ . [1+cosx }
2n 2n c) 2sinx[2cos?{=) —1|=2sinx[|2——— — 1
VAVRVAY © 2 2
= = 2 sin x[cos x| = sin 2x
134. (a) f(x) = sin*x + cos*x. From Example 5 and Exercise 23,
1 1 1
flx) = §(3 — 4cos 2x + cos 4x) + §(3 + 4 cos2x + cos 4x) = % + 7608 4x

(b) Sample answer:

1 — cos 2x>2 N <1 + cos 2x)2
2 2

f(x) = sin?x - sin®x + cos®x - cos’x = (

1 1
1[2 + 2cos22x] = 5(1 + cos? 2x)

(c) f(x) = sin*x + 2 sin?x cos?x + cos*x — 2 sin® x cos? x

= (sin? x + cos?x)? — 2sin?xcos2x = 1 — 2 sin% x cos® x

@ f)=1- %sin2 2x

(e) Answers will vary.

135. Answers will vary.

© Houghton Mifflin Company. All rights reserved.



© Houghton Mifflin Company. All rights reserved.

Multiple-Angle and Product-to-Sum Formulas 449

136.

137.

139.

141.

143.

(a) Sample answer: cos(36) = cos(20 + 6) = cos 26 cos 6 — sin 26 sin 6

= (cos? 6 — sin? @) cos @ — 2 sin O cos O sin = cos® § — 3 sin? cos

(b) Sample answer: cos 40 = 2 cos?26 — 1

(5,2
°

-2 -1 1 2 3 4 5 6

(b) Distance:
JGE 1?2+ (2 - 472 = V40 =210

~1+54+2
2 > 2 )_(293)

L of5:3)
JJ:(O’ %,) > x

(b) Distance:

VEREENES

(c) Midpoint: <

(a)
3
2
I

-2 -1
-1

-2

(c) Midpoint: (0 +2(4/3), (1/2) ; (5/2)> = <, 2

(a) Complement: 90° — 55° = 35°
Supplement: 180° — 55° = 125°

(b) Complement: None
Supplement: 180° — 162° = 18°

T 7w 8w 4w
(a) Complement: ) TR
w 1w

Supplement: 7 — 18~ 18

T 9w
(b) Complement: > 720 " 20

O 1w

Supplement: 20 - 20

=22cos?0—1)>—1=8cos* 9§ —8cos*? 6 + 1

138. (a) Y
10+ [ ]
el (6, 10)
6t
4+
;.

H—t+—+— +——+— X
-8 -6 4 -2 2 4 6 8
0l
[ ]
(—4,-3) —4+

-6+

(b) Distance: /(6 + 4)2 + (10 + 3)? = /269

o (6—410-3\ [ 17
(c) M1dp01nt.( R )—(1,2>

140. (2) y

wance: (L Vg (24 3F 228
(b) Distance: \/<3+1) +<3+2) -

(c) Midpoint:

((1/3;— L @/3) - (3/2)> _ <_% —%>

142. (a) Complement: None
Supplement: 180° — 109° = 71°
(b) Complement: 90° — 78° = 12°
Supplement: 180° — 78° = 102°

144. (a) Complement: 757 — 0.95 ~ 0.6208

Supplement: 7 — 0.95 = 2.1916
(b) Complement: None
Supplement: 7 — 2.76 = 0.3816
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s 7 of ™\
145. s=r0 = 6= PR e 0.467 rad 146. s = r 0 = 21(35 )<180°> =~ 12.8282 cm
3 , 5 . x Y
147. f(x) = = cos(2x) y 148. f(x) = = sin>
2 2 2
24
Period: 2777- — Period: 4
3 x Amplitude: %
Amplitude: 5
1
1 _ 1 ine y
149. f(x) = — tan(27x) y 150. f(x) = —sec — \
2 4 42 ]
2 b
Period: %T = % Period: 772 =4 E | E
X i/
Review Exercises for Chapter 5
1 1 1
1. = sec x 2. — = cscx 3. = cosx 4. = cot x
COS X sin x Sec x tan x
5. V1 — cos’x = [sin x| 6. V1 + tan’>x = [sec x| 7. CSC(%T - x) = secx
8. cot(% — x) = tan x 9. sec(—x) = secx 10. tan(—x) = —tanx
4 2 V13
11. sinx = 5 Ccos x = %, Quadrant I 12. tan 6 = 3 sec 6 = 3 Quadrant I
sinx 4 313
tan x = == cos = ——
cosx 3 13
t =3 sin0=tan6cos¢9:%m =&
oLt Ty 3\ 13 13
=2 csc O = V13
secx = 3 )
5 -2
csex = 4 cot O = >
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15.

17.

19.

21.

23.

T 1 2 7 . 22
sin(* —Xx|=cosx=—<=—— 14. csc{— — 0| =sec § = 3,sin § = ——, Quadrant [
2 ) J2 2° <2 > 3
nx= o Y2 Quadrant IV cos0—l
sinx = 52 uadran 3
tanx = —1 tan 6 = 2./2
cotx = —1 1 V2
cot 0 ﬁ = T
secx = 2
3 32
cscx = —/2 05002727\[
22 4
1 1 sec2x — 1 (secx — 1)(secx + 1)
= = cos? = = +1
an?x +1  sectx secx — 1 secx — 1 seex
sin2 @ — cos? (sin + cos a)(sin @ — cos @)  sin « + cos «
- - = - : = : =1+ cota
sin? o — sin a cos & sin a(sin & — cos a) sin «
sin> B + cos® B (sin B8 + cos B)(sin®> B — sin B cos B + cos? B) )
- = - =1—sinBcos B
sin B + cos B sin B + cos B
tan? O(csc? @ — 1) = tan? O(cot? 6) 20. csc?x(1 — cos?x) = csc? x(sin?x) = 1
= tan® 0( 5 > =1
tan“ 0
. (—sin x)(c?s x>
T _ sin(—x) cot x sin x
tan(f - x> sec x = cot x sec x 22. = = -1
2 . (77 ) cos x
sin 5 — x
COS X 1 1
=" = — =cscx
sinx cosx sinx
. CoSs x ) _ 1 1 cos x
sin~1/2xcos x = — 24. csc®x —cesCcxCOtx = ——>— — ——— * —
sin'/2 x sinx sinx sinx
_cosx  ~/sinx _ 1 — cosx
Ssinx  Jsinx sin? x

COS X
= V/sin x = cot x+/sin x

sin x

25. cos x(tan? x + 1) = cos x sec? x

27.

= sec2 x = sec x
sec x

sin® @ + sin 6 cos? # = sin O(sin? 6 + cos> 6)

= sin 0

26. sec?x cotx — cotx = cot x(seczx — 1)

= cot x tan? x

= tan? x = tan x
tan x

cos? x )
— cos?x

28. cot?x — cos?x = —
2
sin? x

= cos? x[csc? x — 1]

= cos?x * cot® x
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29. sin’ x cos? x = sin* x cos? x sin x 30. cos’ x sin? x = cos x(cos? x) sin? x

= (1 — cos? x)? cos? x sin x

cos x(1 — sin? x) sin? x
= (1 — 2 cos?x + cos* x) cos? x sin x = (sin®> x — sin* x) cos x

= (cos?2x — 2 cos* x + cos® x) sin x

31 /1—sin9_\/1—sin01—sin¢9_ (1-sin®)> /(1 —sin@?> |1 —sinf 1—sing
) 1 + sin 0 1 +sin@® 1 —sin6 1 — sin® 6 cos? 6 |cos 6] |cos 6]

Note: We can drop the absolute value on 1 — sin 6 since it is always nonnegative.

1+ -
32. V1 —cosx = \/l—cosx cos 33. ese( x):_cscx:_c9sx:_cotx

1 + cosx sec(—x) sec x sin x

sinx  [sinx|

1 +cosx V1 + cosx

1 + sec(—x 1+ secx T
. = (=) = — 3s. cscz(* — x> — 1 =sec?x — 1 = tan®x
sin(—x) + tan(—x) —sinx — tanx 2
1 + secx

—sin x(1 + sec x)

1

= —— = —cscx
sin x
36. tan(%r — x) Sec x = Cotx sec x 37. 2sinx—1 =0
. 1
_cosx 1 s1nx=§
sinx cosx
1 x=7l+2n77
= — =cscx 6
sin x
5
x=%+2nﬂ'
38. tanx + 1 =0 39. sinx= 3 — sinx 40. 4cosx =1+ 2cosx
tanx = —1 2sinx = /3 2cosx =1
—ﬁ—f— sin :73 cosle
X 1 nw X 2 >
x=§+2n7r x=g+2nﬂ'
x=2£+2n77 x—siT+2n7T
3 3
41. 3/3tanx = 3
tan !
xX=—
V3

=
[
oy
+
S
3
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1
42.§secx— 1=0 43. 3csc2x =4 44. 4tan’x — 1 = tan?x
3tan?x = 1
secx =2 csczng
1
1 tan’> x = -~
cosx = 5 ., 3 3
sin® x 2 tanx—+i
x=2 4 onm V3 V3
3 sinx = +——
2 ™
x=—+nm
x=siT+ZnW T 6
3 x=—+nmw
3 X 57T+n
=— T
X 27T+n °
= — T
3
45. 4cos’x—3 =0 46. sinx(sinx + 1) =0
5 3 sinx =0 or sinx= —1
cos’x = —
4 3
X = nm or x:£+2n7-r
Y 3 2
cosx = +——
o 2
x—%%—nﬂ'
x—SiT—FmT
6
47. sinx —tanx = 0 48. cscx —2cotx =0
i 1
sinx — o2 ¥ _ —(1 —2cosx) =0
coS x sin x
sinxcosx — sinx =0 1
cosx—g
sinx(cosx — 1) =0
sinx=0 orcosx—1=0 x—g+2m—r
X =nmw cosx =1 5
T
x=?+2nﬂ'
49. 2cos’2x —cosx—1=0 50. 2sin’x —3sinx+1=0
(2cosx + I)(cosx — 1) =0 (2sinx — 1)(sinx — 1) =0
2cosx+1=0 or cosx—1=0 . 1 .
s1nx=§ or sinx =1
1
cosx——2 cosx =1 x:ESLT N x:ﬂ'
27 4m . 6" 6 2
X 33 X
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51. cos2x + sinx =1 52. sin2x + 2cosx = 2
1 —sin?x + sinx =1 (1 —cos?2x) +2cosx —2=0
sinx(sinx — 1) =0 cos?x —2cosx+ 1 =0
sinx =0 or sinx=1 (cosx —1)2=0
cosx =1
x=0,7 xZE
2 x=20
53. 2sin2x = /2 54. /3tan3x =0
. V2 tan3x = 0
s1n2x=7
3x = km
7 37 97 117
2=, —— _o T 2m 4w 5w
4’ 47 4° 4 X 0,3,3,77,3,3
™ 3w 9w lim
8 878 8
55. cos 4x(cosx — 1) =0 56. 3csc25x = —4
cosdx =0 orcosx—1=0 ) 4
csc SXZ_E
4 :77737775777777797771177 137 157
YTy 22 2 20 2 No solutions
orcosx = 1
2237775777777797771177 137 157
T8 88 88 8° 8 8
57. cos4dx — 7cos2x = 8 58. sin4x — sin 2x = 0
2c0s22x — 1 — 7 cos 2x = 8 2cos3xsinx =0
2c0s22x —7cos2x — 9 =0 cos3x =0 or sinx =
(2cos2x — 9)(cos2x + 1) =0 T
3x =—+ nmw x=0,7
2¢cos2x —9=0 or cos2x+1=0 2
9 T n7
c052x=5 cos2x = —1 YT T 3
No solution 2x = 7+ 2nm x:ffslﬁzﬂﬁ
6’26672 6
T
X=—_—+nmw
2
T 3
X=——
272
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59. 2sin2x — 1 =0

1
2y = &
sin 2x >
T S5
2x = — + 2na or 2x = — + 2nw
6 6
T 5w
X 2 nmT or X D nw
61. 2sin?3x — 1 =0
1
'23 J—
sin” 3x >
sin3x=i£
2
T N
= — 4+ —
W=t
x_ﬂ_,_@
12 6

63. sin®x — 2sinx =0
sinx(sinx —2) =0
sinx =0 or sinx =2 (impossible)

x=0,

65. tan?6 + 3tan 6 — 10 = 0
(tan 6 + 5)(tan @ — 2) = 0
tan 0 = —5 =
6 = arctan(—5) + m, arctan(—5) + 2
tan = 2 = 0 = arctan(2), arctan(2) + 7

0 =~ 1.1071, 1.7682, 4.2487, 4.9098

67. sin 285° = sin(315° — 30°)
= sin 315° cos 30° — cos 315° sin 30°

(B - (Y - 552

2 2 2 )\2

60.

62.

64.

66.

2cosdx + /3=0
cos4x—;ﬂ
2
4x=5f77+2n77 or 4x=7iT+2nw
6 6
S nm o _Im nm
YT Ty T YT T
4cos?2x—3=0
3
29y = 2
cos? 2x 1
0052x=i£
2
2x=7l+mr or 2x=siT+nw
6 6
_m L _3T nm
T T2
3cos?x +5cosx =0
cosx(3cosx +5)=0
cosx=0=>x=z3l
22
5 . .
cosx = 3 (impossible)

sec’x + 6tanx +4 =0
(1 +tan?x) + 6tanx +4 =0
tan?x + 6tanx + 5 =0
(tanx + I)(tanx + 5) =0
tanx = —35

tanx = —1 or

3 T

a4 O x = 1.7682, 4.9098

X =

cos 285° = cos(315° — 30°) = cos 315° cos 30° + sin 315° sin 30°

() (-5

2 2 2 )\2

_\@+ﬁ__2_ﬁ

tan 285° = — Y =2—= =
V6 -2
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68. sin 345° = sin(300° + 45°) = sin 300° cos 45° + cos 300° sin 45° = ———

cos 345° = cos(300° + 45°) = cos 300° cos 45° — sin 300° sin 45° =

tan 345° =

sin345° V2 -6 _ S
cos345° /2 + /6

31ar (117 3 . 1l 37 3 11
69. smﬁ—sm< ; + 4)—sm 5 cos n + sin 1 cos 6
(3)-%)+ ()0 =257

22TV 2 N2 4

<117’7T+377T> 11w 37 117 . 37

31
cos ——— =

= CO0S——COs —— — sin——sin —
12 6 4

6 ‘7 6 "4
BN ()=
% - ii:s(élltr//llzz)) - ﬁt ﬁ =-2-3

tan

70 (1377) . (1177_3£> _ oo Um 37w 3w i«

. sin B sin| == — 5, sin — = cos = sin 7~ cos = =
_ <_1)(_ﬂ> B <ﬂ><ﬂ> _V2-6
2 2 2 2 4

(1377) (1177 377> 117 3 117 3
cos = cos

= COS——CcOS—— + sin——sin ——
12

L (=

2 2 2\ 2 4

137\ sin(137/12) /2 -6
tan( 12 > ~cos(137/12)  —J6 — /2 =2-3

71. sin 130° cos 50° + cos 130° sin 50° = sin(130° + 50°) = sin 180° = 0

72. cos 45° cos 120° — sin 45° sin 120° = cos(45° + 120°) = cos(165°)

tan 25° + tan 10°
* 1 — tan 25° tan 10°

= tan(25° + 10°) = tan 35°

tan 63° — tan 118°
*1 + tan 63°tan 118°

= tan(63° — 118°) = tan(—55°) = —tan(55°)

. L3 — _1 4 _24
For Exercises 75-80, sinu = 5, cosv = —35,cosu = —3,sinv = 3.

tanu + tanv
1 — tan u tan v

75. sin(u + v) = sinu cos v + sin v cos u 76. tan(u + v)

S\ 25 25\ 5 125

— (=3/4)(—24/7) 44

_ §<_l> N %(i) _—uz _ (=34 ¢ (-24/7) 117
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77.

79.

81.

83.

85.

87.

89.

91.

tanu — tan vy

tanlu —v) = ———————
( ) 1 +tanutanv

_ (=3/4) - (=24/7) _3

1+ (=3/4)(—24/7) 4

cos(u + v) = cosucosv — sinusin v
= (-3)(-%) - )3 = —5
sin"!'0=0andcos™'(—1) ==

sin(sin=!' 0 + cos~'(—1)) = sin(0 + 7) = 0

cos™'1=0andsin" !(—1) = —g

cos(cos™!'1 —sin"!(—1)) = cos<0 + g) =0

s m . . T
cos|x + —] = cos xCcos— — sInx sin —
2 2 2

= (cos x)(0) — (sinx)(1) = —sinx

ol § 1) =Sl

cos(m/2) cos x + sin(7r/2) sin x

sin(7r/2) cos x — sin x cos(/2)

sin x
= = tan x
COS X

cos 3x = cos(2x + x)

= coS 2x cos x — sin 2x sin x

cos? x — 3 sin? x cos x

cos® x — 3 cos x(1 — cos?x)
=cos®x —3cosx + 3cosPx

4 cos® x — 3 cos x

sin(x + g) - sin(x - g) =2

2 cos x sin g =2 (Sum-to-Product)
COS x = 7
,=Tim
4’ 4

= (cos? x — sin% x) cos x — 2 sin x cos X Sin x

78. sin(u — v) = sin u cos v — cos u sin v
29
5\ 25 5/\25 5

80. cos(u — v) = cosucosv + sinusinvy

- (-3 + B -

82. cos™!'1 =0andsin”'0 =0

cos(cos™!'1 + sin~!'0) = cos(0 + 0) =1

84.cos'(—1) = wmandcos™'1 =0

tan(cos™!'(—1) + cos™'1) = tan(w + 0) = 0

86 sin( - 347) = sin cos3l - sinﬁcos
. X > X > > X

= (sinx)(0) — (—1)(cos x) = cos x

88. sin(7 — x) = sin wcos x — sin x cos 7
= (0)(cos x) — (sinx)(—1)

= sinx

sin(fe + B) _ sin acos B + cos asin B

" cos acos B cos a cos B

sinacos 3  cosasinf3

cosacos 3 cosacosf

=tan o + tan 3

Il
—_

Ly T
. +—] = - —
92 cos(x 4) cos(x 1

—2sinx sinjf =1 (Sum-to-Product)
sinx = —ﬁ
2
S T
‘=
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93.

95.

97.

99.

5 3
—— T <u<-—,

sinu = 7 > Quadrant III
cosu =1-— <—§>2 24 — cosu = _2V/6
7 49 7
sin 2u = 2 sinu cos u = 2<—§> —& = M
7 7 49
cos2u =1—2sinu
5\? 50 1
_1_2<_7> IR RS
taHZMZM:M: _20\/6
cos 2u —1
2
tanu = ——,— < u < 7, Quadrant I
92
4 85
2y = 24+l =— 4+ 1=
sec=u = tan“u + 1 21 1 81:>
/85
secu = —
9
-9/85 2./85
cosu =g sinu = (tan u)(cos u) = SPTe

sin 2u = 2 sin u cos u

)

85 85 85
4 77
— 1 _9en2, =1 ol 1) = 2L
cos2u =1 —2sin*u =1 2(85) 35
tan 2u = sin 2u = —&
cos 2u 77

6 sin x cos x = 3[2 sin x cos x] = 3 sin 2x

1 — 4sin®?xcos2x =1 — (2 sin x cos x)?

=1 — sin?2x = cos? 2x

94. cosu :%37# < u < 2, Quadrant IV
smu=?,tanu=7
. . . . ;3 ﬂ =24
sm2u—2smucosu—2<5 ><5>— 25
16 9 7
_ 2 inly — 2
cos 2u = cos*u — sin‘u 25 25 25
tan 2 :sin2u:—24 !
“ cos 2u 7
YN 4
U
-3
5
2
96. cosu=—75,5<u< 7,  Quadrant II
sin2u=1—cos2u=1—%=é=> sinu =
1 2 4
sin 2u = 2 sinu cos u = 2<7><—7> = —=
V5 5 5
4 1 3
— 2 2 — 22
cos 2u = cos” u — sin® u 575 3
tan 2u = sin 2u = —ﬁ
cos 2u 3

98. 4sinxcosx + 2 = 2(2sinxcosx) + 2

=2sin2x + 2

100. sin 4x = 2 sin 2x cos 2x
= 2[2 sin x cos x(cos? x — sin? x)]
= 4 sin x cos x(2 cos2x — 1)

= 8 cos? xsinx — 4 cos x sin x
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101. r = 35v,% sin 26 102. r = 35v,% sin 26

100 = 35(80)? sin 26 77 = 35(50)% sin 26

sin26 = 0.5 sin 26 = 0.9856
20=30° or 260 = 180° — 30° = 150° 26 = 80.2649° or 99.7351°
6= 15° 6= 75° 0 = 40.13° or 49.87°
— 3
103. sin®x = (%ﬂ) = é(l — 3 cos 2x + 3 cos? 2x — cos’ 2x)
+ +
= é[l — 3 cos2x + 3(%) — cos 2x<%>}

1 3 3 1 1
_§<1 - 3cos2x+§+§cos4x—Ecos2x—50052xcos4x>

1

= R(S — 7 cos 2x + 3 cos 4x — %[cos 2x + cos 6x]>

1
= 5(10 — 15 cos 2x + 6 cos 4x — cos 6x)

104. cos* x sin*x = <1 + cos 2x>2<1 — COS 2x>2

2 2

(1 + 2cos2x + cos?2x)(1 — 2 cos 2x + cos? 2x)
16
1 + cos 4x
2

(1 + 2 cos2x +

)(1 — 2cos 2x +
16

_ (3 + 4 cos 2x + cos 4x)(3 — 4 cos 2x + cos 4x)
64

1 + cos 4x)
2

= 6i4[(3 + cos 4x) + 4 cos 2x]|[(3 + cos 4x) — 4 cos 2x]
1
= 671[(3 + cos 4x)> — 16 cos? 2x]

1
= a[9 + 6 cos 4x + cos? 4x — 16 cos? 2x]

1

:a[9+6cos4x+1+c058x_16.1+c0s4x}

2 2

11(3 1
= 64[2 + 20058)6—20054)(}

1
= 1728(cos 8x — 4 cos 4x + 3)
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+ 2 — 2
105. cos* 2x = (%) 106. sin* 2x = (%)
1
= Z(l + 2 cos 4x + cos? 4x) = %[1 — 2.cos 4x + cos? 4x]
1 1 + cos 8x 1 1 + cos 8x
=—{1+ +— =1~ —
4<1 2 cos 4x > ) 4[1 2 cosdx + ) }
=l(2+4cos4x+l+0058x) —1[2—20054)6-1—10058)(]
8 412 2
1 1
= §(3 + 4 cos 4x + cos 8x) = §(3 + cos 8x — 4 cos 4x)
107. sin 105° = sin(l 210°> = \/1 — cos 210 \/1 +(B) _ 2+ 3
2 2 2
/1 + ° ~J2 -
cos 105° = cos(é 210° 1+ cos 2107 210 f/2 2
(o sin210°0  —1/2 1
tanlOS—tan(2 210) [heos20 1 (V32) Aoz 2- 3
108. 112° 30" = 112.5°
/1 — ° + +
s1n(1125)—sm 2250 1 cos225 \/1 f/z _\/2 J2
+ o /2 —
cos(112.5°) = cos(% . 225 S I+ cos 225 . / f/2 V2
tan(112.5°) = tan(1 : 225°> - Sin225 _ﬂ/ 2 _ =2 242
2 1 + cos 225 1—(ﬁ/2) 2—-J/2 2+ 2
_—2- 22 -/
2
(77 (1 = 1 — cos(7m/4) 1 - (V2/2) \/2 -2
109. sin(— | =sin|= - — | = —: =
8 2 4 2
(777) <1 777 /1 + cos(777/4 f/z w/z + V2
cos| — =cosf-f =
8 2
tan(h) _ tan(l . Lw) __sin(Tm/4)  _ —V2/2 —ﬂ -
8 2 4) l+cos(Ta/4) 1+ (V2/2) 2+ V2
117 1/(11a
110. F 5(7), Quadrant II
. <1177> . <1 117r> \/1 —cos(117T/6) 1 - f/z \/2—
sin{—— | = sin| = - =
1 2 6
(117T> (1 1177 /1 + cos(1177/6) /1 +(V3/2) _ \/2 + /3
cos| — | = cos( = - =
1 2
11 1 1w sin(117/6) —-1/2
- -, =) = — +
tan(l ) tan(z 6 ) I+ cos(11m/6) 1+ (V3/2) 2+ f 2+ 3
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113.

114.

115. —

. ™ 4 21 37
sinu = 5 0O<ucx< > = cosu = 5 112. tanu = 50’ T< U< Quadrant IIT
s1n<g>=,/w seczu=tan2u+l=44f1+l=ﬁz>
2 2 400 400
= —@/5) _ 1 _ 10 secu = —— 29
2 /10 10 "7 0
cos(g> B 1 + cosu _ =20
2 2 COSU= g
_ 1+ @s) _ 3 _3/10 ety = =20 21 =21
2 J10 10 S = cosuiant = 597" 50 = 29
( ) l—cosu 1-—(4/5 1 " \/m 1+ (20/29) 7\/
tan = N = by sin - =
2 sin u 3/5 3 2
cos X — l+cosu /1 —1(20/29)
2 2
_—3U58
58
uw _sin(w/2) 7
tan cos(u/2) 3
cosu = gz<u< = sinu = 4 _ Y%
“T T 7 V! 4 7
Sin<g> _ [1—cosu 1+ (2/7) 9 3/14
2 14 14
cos<g> _ /l+cosu 2/7) 5 J70
2 14 14
tan(g) _l—cosu _1+(2/7) _ 9 9\/45 V45 35
2 sin u V45/7 J45 5 5
T
sec u = —6,5 < u < 1, Quadrant IT
cosu—ismu— tanu——
6’
s'n<ﬂ> 1 —cosu _ 1+ (1/6) 7 _ 21
M2) =V 2 6
(g) _ 1+cosu _ 1 - 1/6) S5 _JIs
C\2) T WV 2 6
tan<g>:1—cosu: 1+d/6) 7 _ V35
sin u /35/6 V35 5
Note: u = 99.6°
1 + cos Sx sin 10x
- ¥e o4 4 P
</ 5 —|cos 4x]| 6. os 10, — tan 5x
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117.

118.

119.

120.

121.

122.

123.

Volume V of the trough will be the area A of the isosceles triangle times
the length [ of the trough.

V=A-1
A= lbh
2

0 h 0
COS E = E = h = 0.5cos 5 not drawn to scale

0 b/2 b

n*—L —=05sin—
2 05 2

0 0 0 0 0 0
= in— Z = 2 gin — cos — = in— cos —
A = 0.5sin > 0.5 cos > (0.5)2 sin > cos > 0.25 sin > cos > square meters

0 0 6 6
V = (0.25)(4) sin 5083 cubic meters = sin S cos cubic meters

Volume V of the trough will be the area A of the isosceles triangle times
the length / of the trough.

V=A-1
1
A = —bh
2
6 h 0
cos—=— = h=0.5cos— not drawn to scale
2 05 2
o b2 b 0
in> =" = 7= 05sin-
Sin B 05 = B sin B

0 0 0 0 0 0
= in— Z = 2 gin — cos — = in— cos —
A = 0.5sin > 0.5 cos > (0.5)2 sin > cos > 0.25 sin > cos 5 square meters

0 0 0 0
V = (0.25)(4) sin 5085 cubic meters = sin 5085 cubic meters

.0 0 . 0 1 . .
V = sin - cos — = —{ 2 sin — cos — | = — sin 6 cubic meters
2 2 2 2 2 2

Volume is maximum when 6 = /2.
! I S o m\ s T _
6 sin 4 cos 1 6[2 sm(4 + 4> + sm<4 4” 3<sm > + smO) 3

4 sin 15° sin 45° = 4 « 3[cos(15° — 45°) — cos(15° + 45°) = 2[cos(—30°) — cos(60°)]
= 2[cos(30°) — cos(60°)]

sin 5a sin 4a = 3cos(5a — 4a) — cos(5a + 4a)] = 3[cos a — cos 9a]
cos 66 sin 86 = 3[sin(66 + 86) — sin(60 — 86)] = 3[sin 146 — sin(—26)] = 3[sin 146 + sin 26]

cos 560 + cos 40 =2 cos(?) cos(%)

124. sin 36 + sin 26 = 2 sin(%) cos<§‘9

)
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125. sin(x + %) - sin(x - 727) =2cosx sing = J/2cos x

126.

127.

129.

131.

133.

134.

135.

137.

X +

™ ™ ™ ™
6 61 . 6 6 . .
—2 sin x sin —

—2sin

o) mbe-2)-
COS({ x 6 COS{ x 6

y = 1.5sin 8 — 0.5 cos 8¢

2 =L B=% c=ux <—
a > > , arctan
y:

1 1
y = E\/ 10 sin<8t — arctan g)

The amplitude is >

0
Ifg < 6 < 1, then COSE < 0. False, if

T 0 _ T 0 T
— <0< —< - <
2 T 15252
L 0
which is in Quadrant I = cos 5 > 0.

4 sin(—x) cos(—x) = —2 sin 2x. True.

4 sin(—x) cos(—x) = 4(—sin x)(cos x) =

4 sin 45° cos 15° = 1 + /3. True.

4 sin 45° cos 15°

7_{_7
2 2

Answers will vary. See page 352.

T
secz<f — x> = csc2 x

Y1 2

y, = cot? x
csc2x = cot?x + 1

Lety; =y, + 1 =cot?x + 1=y,

O Wl

2 2 6

128. y = %\/ 10 sin<8t — arctan %)
3/2

1 4
130. Frequency = period p

132. sin(x + y) = sinx + sin y. False.

sin(x + y) = sinxcosy + cos x sin y

—4 sinx cos x = —2(2 sin x cos x) = —2 sin 2x

1
4<5[sin(45° + 15°) + sin(45° — 15°)]> = 2[sin 60° + sin 30°]

zz[ﬂ 1]:2<ﬁ+1

5 >=1+ﬁ

136. No. cos § = +/1 — sin? 0

138, y, = cos 3x

cos x
y, = (2 sin x)?
From the graphs, y; = —y, + 1 = y,.
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Chapter 5  Practice Test

1. Find the value of the other five trigonometric
functions, given tan x = 147, secx < 0.

3. Rewrite as a single logarithm and simplify
In|tan 6] — In|cot 6].

5. Factor and simplify: sin* x + (sin? x) cos? x

. Simplify
c

T
. True or false: cos(E - x) =

seczx + csc? x
sc2x(1 + tan?x)

1

CSC x

. Multiply and simplify: (cscx + 1)(cscx — 1)

7. Rationalize the denominator and simplify: 8. Verify:
cos? x 1 + cos 6 sin 6
PR ; =2csc
1 —sinx sin 6 1+ cos@
9. Verity: 10. Use the sum or difference formulas to determine:
tan*x + 2tan®x + 1 = sec* x (a) sin 105° (b) tan 15°
1+ tan 0
11. Simplify: (sin 42°) cos 38° — (cos 42°) sin 38° 12. Verify: tan(ﬂ + E) L L
4 1 —tan 6
13. Write sin(arcsin x — arccos x) as an algebraic 14. Use the double-angle formulas to determine:
expression in x. (a) cos 120° (b) tan 300°
15. Use the half-angle formulas to determine: 16. Given sin 6 = 4/5, 0 lies in Quadrant II,
- find cos 6/2.
(a) sin 22.5° (b) tan—
12
17. Use the power-reducing identities to write 18. Rewrite as a sum: 6(sin 56) cos 26
(sin? x) cos? x in terms of the first power of cosine.
. . . in 9x + sin 5
19. Rewrite as a product: sin(x + ) + sin(x — =) 20. Verify: S Y o o cot2x
cos 9x — cos S5x
21. Verify: (cos u) sinv = 3[sin(u + v) — sin(u — v)] 22. Find all solutions in the interval [0, 27):
4sin’x =1
23. Find all solutions in the interval [0, 27): 24. Find all solutions in the interval [0, 27):

tan20+(\@—l)tan6—ﬂ=0 sin 2x = cos x

25. Use the Quadratic Formula to find all solutions in the interval [0, 27):

tan?x — 6tanx + 4 =0
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