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CHAPTER 11
Limits and an Introduction to Calculus

Section 11.1 Introduction to Limits

Bl You should be able to use a calculator to find a limit.
You should be able to use a graph to find a limit.
B You should understand how limits can fail to exist:

W If f(x) becomes arbitrarily close to a unique number L as x approaches c from either side, then the limit of
f(x) as x approaches c is L:

lim f(x) = L

(a) f(x) approaches a different number from the right of ¢ than it approaches from the left of c.
(b) f(x) increases or decreases without bound as x approaches c.
(¢) f(x) oscillates between two fixed values as x approaches c.

B You should know and be able to use the elementary properties of limits.

Vocabulary Check

1. limit 2. oscillates 3. direct substitution
1. (a) (b) V = (base)height = (24 — 2x)%x = 4x(12 — x)?
| x (d) 1200
e
212 -x)
2(12-x) 0 12
0
(©) 1i_rg V =1024 Maximum at x = 4
x |3 3.5 3.9 4 4.1 4.5 5
V19720 | 1011.5 | 1023.5 | 1024.0 | 1023.5 | 1012.5 | 980.0
2. (a) b) ¥*>+y?=18 = y= /18 — x?
y Y18 Area = %bh = %xm
d s
(c) lim A(x) = 4.5
x—3
0 5
x |2 25 |29 [3 [31 |35 |4 °
A| 374|428 | 449 | 45| 449 | 420 | 2.83
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. lim(5x + 4) = 14
x—2

X 1.9 1.99 1.999 | 2 2.001 2.01 2.1
f(x) | 13.5] 13.95 | 13.995 | 14 | 14.005 | 14.05 | 14.5
The limit is reached.
Clim (2x2+x—4) = —1
x—1
X 0.9 0.99 0.999 1 1.001 1.01 1.1
flx) | —1.48 | —1.0498 | —1.0050 | —1 | —0.9950 | —0.9498 | —0.48
The limit is reached.
lim =3 =1
T3 x2—9 6
X 2.9 2.99 2.999 3 3.001 3.01 3.1
fx) | 0.1695 | 0.1669 | 0.16669 | Error | 0.16664 | 0.1664 | 0.1639
The limit is not reached.
. x+1 1
. lim —m—— = ——
x—>-1x2 —x — 2 3
X —-1.1 —1.01 —1.001 —1.0 | —0.999 —-0.99 -0.9
f(x) | —0.3226 | —0.3322 | —0.3332 | Error | —0.3334 | —0.3344 | —0.3348
The limit is not reached.
Clim S0
x—0 X
X —-0.1 —-0.01 —0.001 0 0.001 0.01 0.1
f(x) | 1.9867 | 1.99987 | 1.9999987 | Error | 1.9999987 | 1.99987 | 1.987
The limit is not reached.
lim tan x _ 1
x—0 2}C 2
X —0.1 —0.01 —0.001 | O 0.001 | 0.01 0.1
f(x) | 0.5017 | 0.50002 | 0.5 Error | 0.5 0.50002 | 0.5017

The limit is not reached.
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9.

10.

11. lim

12.

13.

14.

15.

2x 1
lim < =2
x—0 X
X —0.1 —0.01 —0.001 | O 0.001 0.01 0.1
f(x) 1.8127 | 1.9801 1.9980 Error | 2.0020 | 2.0201 | 2.2140
The limit is not reached.
im 0 —
x—>1 X — ]
X 0.9 0.99 0.999 1 1.001 1.01 1.1
f(x) | 1.0536 | 1.0050 | 1.0005 Error | 0.9995 | 0.9950 | 0.9531
The limit is not reached.
. x—1 _ 1 ,
=l x2+2x—3 4
_5 \\h_'_
X 0.9 0.99 0.999 1.0 1.001 1.01 1.1 S
f(x) | 0.2564 | 0.2506 | 0.2501 | Error | 0.2499 | 0.2494 | 0.2439 =
lim X2 = =
! x2+5x+6 -
7 \-H_‘_
X -2.1 —2.01 | —2.001 | —2.0 | —1.999 | —1.99 | —1.9 B
f() | 1.1111 | 1.0101 | 1.0010 Error | 0.9990 0.9901 | 0.9091 . =
J’_ —
lim Y25 = Y5 (s (Actual limit is — ) o8
=0 x 2.5
X —0.1 —0.01 | —0.001 | O 0.001 0.01 0.1 °
flx) | 0.2247 | 0.2237 | 0.2236 | Error | 0.2236 | 0.2235 | 0.2225 =5
. J1—-—x-2 1
lim = ——
x—=3 x+3 4
x| =31 -301 | —3.001| —3.0|-2999 | =299 | —29 -
f(x) | —0.2485 | —0.2498 | —0.25 Error | —0.25 —0.2502 | —0.2516
[x/x+2)]—-2 1
m P 3
x—>—4 x+4 2
6 _'_'_Fj
X —4.1 —4.01 | —4.001 | —4.0 | —3.999 | —3.99 | —3.9 _,/‘"F_—
flx) | 0.4762 | 0.4975 | 0.4998 | Error | 0.5003 0.5025 | 0.5263 - =
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1
16. lim**+*2 4 _ 1 2
2 ox =2 16
-3
X 1.9 1.99 1.999 2.0 2.001 2.01 2.1
flx) | —0.0641 | —0.0627 | —0.0625 | Error | —0.0625 | —0.0623 | —0.0610 2
17. Make sure your calculator is set in radian mode. 2
Jim S0F _ 5 [
x—0 X
X -0.1 —0.01 —0.001 0 0.001 0.01 0.1 N
f) | 0.9983 | 0.99998 | 0.9999998 | Error | 0.9999998 | 0.99998 | 0.9983
. cosx — 1
18. lim =0 2
x—0 X
X —0.1 | —0.01 | —0.001 | O 0.001 0.01 0.1 ¢
f(x) | 0.050 | 0.005 | 0.0005 | Error | —0.0005 | —0.005 | —0.050 -
2
19. lim = =
x—0 x
X —0.1 —0.01 —0.001 0 0.001 | 0.01 0.1
f(x) | —0.0997 | —0.0100 | —0.0010 | Error | 0.0010 | 0.0100 | 0.0997
2
20. lim—— = 0.5
x—0 tan 4x
X —0.1 —0.01 | —0.001 0 0.001 0.01 0.1
f(x) | 0.4730 | 0.4997 | 0.499997 | Error | 0.499997 | 0.4997 | 0.4730
e —1
21. lim =1.0
x—0 2x
X -0.1 —0.01 | —0.001 | O 0.001 0.01 0.1
X . . . rror | 1. . .
f(x) | 0.9063 | 0.9901 | 0.9990 | E 1.0010 | 1.0101 | 1.1070
1 — ,—4x
22, lim——— = 40
x—0 X
X —0.1 —0.01 | —0.001 | O 0.001 | 0.01 0.1
f(x) | 49182 | 4.0811 | 4.0080 | Error | 3.9920 | 3.9211 | 3.2968

© Houghton Mifflin Company. All rights reserved.



© Houghton Mifflin Company. All rights reserved.

Section 11.1 Introduction to Limits 933

In(2x — 1
23, fim M =D _
=1 x—1
X 0.9 0.99 0.999 1 1.001 1.01 1.1
f(x) | 2.2314 | 2.0203 | 2.0020 | Error | 1.9980 | 1.9803 | 1.8232
1 2
24. lim —— = 2.0
x—lx — 1
X 0.9 0.99 0.999 1 1.001 1.01 1.1
f(x) | 2.1072 | 2.0101 | 2.0010 | Error | 1.9990 | 1.9901 | 1.9062
2x+1, x<?2 , . _
25. f(x) = {x 43 x>0 - 26. )1(1_)n% flx) =4
The limit exists as x
approaches 2:
lim f (x) =5
5 S i
20 | 12345678
27. lim f(x) does not exist. y 28. lim f(x) does not exist.
x—2 o x—2
8 /
6
4
2
S eaaf] 2 46
—4
-6
2 — 12
29. lim (x2—3) = 13 30. lim 2> 12 _ 5
x——4 x—2 X — 2
L2 . [x + 2| . .
31. 1_1)11_12 Py does not exist. f(x) = P equals 32. The limit does not exist because f(x) does not
—1 to the left of —2, and equals 1 to the right of approach a real number as x approaches 1.
—-2.
33. The limit does not exist because f(x) oscillates 34. lim sin<ﬂ> = -1
x——1 2
between 2 and — 2.
35. lim_tan x does not exist. 36. lim sec x does not exist.
x—/2 x—/2
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. . et —1
37. lim — does not exist. 3 38. lim =1 3
X0 2 + el/x =0 X
" /
i ]
3 3 -3 3
-1 -1
. 1 . . .
39. lim cos — does not exist. 2 40. lim sin 7x = 0 2
x—0 X x——1
The graph oscillates -3 3 -3 Uﬂl\fﬁuﬂ 3
between —1 and 1.
-2 -2
41. lim Mx+3-1 does not exist. 42. lim Mxts -4 does not exist.
x4 x— 4 =2 x— 2
3 3
1 \h_h\_\_\_ 8 3 _'_'_'_F/ 6
_ _____\‘. - : e
-3 -3
43. lim _x- = 1 3 44. lim does not exist 6
Tl X2 —4x + 3 2 - Ta3x—3 ' k
~1|— \‘“'_—»— 8 -6 12
-3 -6
45. lim In(x + 3) = 1.946 (Exact limit is In 7.) 46. liml In(7 —x) =In(7 — (—1))
x—4 xX——
4 = ln 8
[ — 4
-6 6
[ —]
II/ -4 E‘“\ 8

47.

49.

@ lim [~2¢(0] = ~2(6) = ~ 12
) lim [() + g9)] =3 +6 =9

LS 31
© }clgig(x)_6_2

() lim Vf(x) = V3

(a) lin% flx)=23=38

48.

@ lim [£(x) + g = (5 =27 = 9
(b) lim [6/(x)g(x)] = 6(5)(~2) = —60
S¢() _5(=2) _ 1

(¢c) lim

w—edf(x)  4(5) 2
. 115
A/ RN

(©) lim [ /()] = 8(%) =3

) V22 +5 3 3 61
(b) lim g0) = 5~ = ¢ @ lim[g() = f0)] =5 -8 = —
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50.

52,

54.

56.

58.

60.

62.

64.

66.

68.

70.

72.

74.

76.

2

(a) lgrgf(x)zmzz

(b) lim g(x) = sin(2) = 0
(© lim [ f(g)] = 2(0) = 0
(@ lim [g() = (W] =0 =2 = —2

lim (%ﬁ - 5x> - %(—2)3 ~5(-2) =6

x—>—2

11192 (B —6x+5=(-2P3—6(—2)+5=
lim 6 i: -2

oSy +2 —5+2 -3

X1 4-1 3 1
—4x2+2x+3 16+8+3 27 9

g P L _9+1 10
x—3 X 3 3

1irr%3/x2—1=3/9—1=2

x+1 J/8+1 3

lim = = -
=8 x — 4 x— 4 4
limlnx =Ine =1

x—e

lim tanx = tan 7 = 0

X—>TT

X 1 T
li - = —=—= 1.0472
xlg} arccos 5 arccos 5= 3

True (assuming the limits exist).

In general, you cannot use a graphing utility to

determine whether a limit can be reached. It is
important to analyze a function analytically.

51.

55.

57.

59.

lim (10 — x2) = 10 — 52 = —15
x—5

lim -2 = =
-3 2+ 110

. 5x+3 5(=2)+3 -7 7
lim = = =
—-—22x—9 2(-2)—-9 —-13 13

6l. lim Vx+2=J/-1+2=1
x—>—1
63. Tim —> 50 _3

65.

67.

69.

71.

73.

75.

> Jxt2 Ji+2 3

lim e* = €3 = 20.0855

x—3
lim sin 2x = sin 27 = 0

X—>T

1
lim arcsin x = arcsin — = T~ 0.5236
x—1/2 2 6

True

Answers will vary.

(a) No. The limit may or may not exist, and if it

does exist, it may not equal 4.

(b) No. f(2) may or may not exist, and if £(2)
exists, it may not equal 4.

lirr% f(x) = 12 means that the values of f approach 12 as x approaches 5.
xX—>

. 1im3(2x2 +4x+1)=2(—-32+4(-3)+1=7
xX——
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5—x 5—x 1 2=81 x—-9x+9)

77. = = —= . = - —y —
w—15 35-n ¥ B 9— x = 9%x#9
1522+ 7x —4  (B3x— 1)(5x + 4) xX2—12x+36 (x—6)x—6) x—6

79. > = 80. = = ,XF 6
1522 +x—2  (Bx—1)(5Bx+2) xX2—T7x+6 x—6)x—1) x-—1

5x + 4 1
T2 Y73

81 427 (+3)*—-3x+09) %2 ¥ =8 (x—2)x>+2x+4)

X+ x—6 (x+3)(x—2) Tx2—4 (x —2)(x+2)
_x2—=3x+9 X2+ 2x + 4
= T_o2 ¥ # -3 = Tr2 " #+2
Section 11.2  Techniques for Evaluating Limits
B You can use direct substitution to find the limit of a polynomial function p(x):
lim p(x) = p(c).
B You can use direct substitution to find the limit of a rational function r(x) = pEx;’ as long as g(c) # 0:
qlx
lim r(x) = r(c) = M, q(c) # 0.
x—c q(c)
B You should be able to use cancellation techniques to find a limit.
B You should know how to use rationalization techniques to find a limit.
B You should know how to use technology to find a limit.
B You should be able to calculate one-sided limits.
Vocabulary Check
1. dividing out technique 2. indeterminate form 3. one-sided limit 4. difference quotient
-2 2 4 2 3
1. gx) = %, gx) = —2x + 1 2. hix) = u, hy(x) =x —3
(a) lim g(x) =1 (a) lim h(x) = =5
x—0 x——2
(b) lim glx) =3 (b) lim A(x) = =3
x——1 x—0
(c) lim g(x) =5 (c) lim h(x) =0
x——=2 x—3
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3 2 _ 1
3. 2lx) = u, &) =x2+x=x(x+ 1) 4. flx) = xi,fz(x) =x—1
x—1 x+1
(a) }clgll glx) =2 (a) )lcl_r)nlf(x) =0
(b) Xliryl gx) =0 (b) )lcl_%f(x) =1
(©) )1513(1) gx) =0 () )1(1_)m_1f(x) =-2
x—6 x—6 .9 —x 9 —x
i = li 6. lim ——> = fim——— %
L T Y oSy w2 =81 x50 (x — 9(x + 9)
= 1i _ 1 = lim it - -1
Taex 6 12 ox 9 18
_ — 2 _ 2 4 _ + _
7. lim 1= 2x — 3% = w 8. lim 2x Tx — 4 = lim @+42x—1)
x——1 1+ x x——1 1+ x x—>—4 x+ 4 x—>—4 x+ 4
= lim (1 —3x) =4 = lim 2x—1)= -9
x——1 x—>—4
3 — —2)(t>+2r+4 3+ + 4)(a* — 4a +
0. lim L8y (TR F 2 F D 10, tim CT04 g, @ T A@ Zda ¥ 16)
—2 t — 1—2 t—2 a>—4 a+ 4 a——4 a+ 4
=lim (12 + 2t + 4) = lim (a® — 4a + 16)
—2 a—>—4
=4+4+4=12 =16 + 16 + 16 = 48
x*—1 0 L ox*t—2x*—38 =2+ 2)(x2 +2)
1L )lcl—I}} x*—=3x2—-4 -6 0 o2t — 62 + 8 aod (x—2)x +2)x* —2)
L 2+ 2)
=l )W -2
4
42)
3402 — x — — Dx + Dx +
3. AW —x—2 lim (x— D+ Dx+2)

14.

im
o1 x>+ 4 —x—4

X+ 22 =9 — 1
lim

-1 (x — D)x + 1)(x + 4)

= lim w
x——1 ()C - 1)(X + 4)

_ 2 _1
(—2() 3

8 lim (x — 3)(x + 2)(x + 3)

—-3 x> +x2—9x—9

o3 (= 3)(x + D(x + 3)

x+2
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X+ 22 —-5x—6 . =2+ Dx+3)
15. 1 =1
T B —Tx+6 xlarg(x—Z)(x—l)(x-l—?))
.ox+ 1
= lim
x4>2x—1
3
1—3
16 1imx3—4}c2—3x+18: im (x —3)%(x + 2)
To3 =42+ x+6 -3 —3)x—2)x+1)
— 3 +
:hmw

x%’:‘( - 2)(x + 1)

S5 y-5 . Siry-J5 S5ry+ 5
17. lim ———— = lim .
0y S0y Sty + s

— fim O W =5
y—>0y(\/5 +y+ \f5)

1
= lim ——————=
=05 +y+ U5

_ 1 _ 5
2J/5 10
18, lim YL 2=V Z et VT, (=2 =7
"0 z JT—z2+ V1) =0T -2+ J7)
- lim
Ly
_ -1
2J17 14
19. Tim \/x+7—2:lim \/x+7—2_\/x+7+2
.x—>—3 X+3 x——3 X+3 «/x+7+2
) (x+7) —4
= lim
=3+ 3)(Va+ 7 +2)

1 1
= lim — = —
xf?z\/x+7+2 4

4 — V18 —x 4= J18—=x 4+ V18 —x

20. 1i =1 :
N ST -2 4+ J18 —x
; 16 — (18 — x)
= l1m
=2 (x — 2)(4 + /18 — x)

1 1
e+ /18 —x 38
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1/ +x) —1 1 —(1+x)
21. lim =
x—0 X x—0 (l + x)x
-1
=1 = 1
x—0 1 + x
23, fim S = Jiy L. CO8X
x—>0tanx x—>0cosx Sinx
. 1 .
= lim ——, does not exist
x—0 8in x
25. 1im cos 2x cos 2x

<D0 cot2x  xm0 (cos 2x)/sin(2x)
= lim sin 2x = 0

x—0

. osinx—1 1—-1
27. J(EI'J}}Z x w2

0

29. f(x) = —M

X

lim f(x) = 0.2887 Y

1
Exact limit: ——=
< xact limi 2ﬁ>

-2

33. lim = 80

200

1
—+
2 im A= 8, 8§
T x50 X -0 (x — 8)(8)x
— lim —— = -4
x—0 (x - 8)8 64
24. lim 1 — sinx _ lim 1 — sinx . 1+ s%nx
x>m/2  COS X x>m/2  COS X 1 + sinx
] 1 — sinZx
=lim ———
x—7/2 cos x(1 + sin x)
. cos? x
= lim ———
x>m/2 cos x(1 + sin x)
coS X
=lm ———=
x—7/2] + sin x
26. lim 22— X lim<1 - = >
x—0  sinx x—0 sin x

1-1=0

- + (-
28. lim 1 +cosx 1 (-1 _
X—T X o

0

30. 1im X472 05 <1>
x—0 X 4
3
) ———— 4
-3
32. lim — Vx —0.1667, (—1>
x—9 X — 9 6
1
-2 12
—
-
4 _
34, lim Pt — 4 ‘
x—=>1 X — 1

-4



940

Chapter 11

Limits and an Introduction to Calculus

35. flx

37. f(x) =

40.

43.

46.

= 1/(x +4) — (1/4)

X

. _ 1 -8
lim f(x) = —c. (~0.0625)

e — 1

lim f(x) =2

,6—«—J 3

-1

Iim x2lnx=0
x—0*

6

L]

-2

. tanx
lim =1
x—=0 Xx
2
R
-3 3

38. lim =1

-2

a1, lim S0

x—0 X

a4, lim SO _
x—0 X
4
. s
<

-4

47. f(x) = (1 — )2
lim f(x) = 0.135

4

39.

42,

45.

48.

lim xInx =0
x—0"

3

. sin 3x
lim =3
x=0  x
4
-6 —t = 6

lim (1 + 2x)/* ~ 7.389
x—0

9

__

-6 9

© Houghton Mifflin Company. All rights reserved.
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49. f(x) =

50. lim

51, f(x) =

x—1
x2 =1
Graphically, lim - = 1 (b)
(@) Graphically, lim ~5>—="= -. x |05 09 099 |0999 |1
2 f(x) | 0.6667 | 0.5263 | 0.5025 | 0.5003 | Error
\H-H"—\—\_\_ —
4 2 . oox—1 1
\ Numerically, xlifﬁ 2_1 7o
2
. ox—1 x— 1 o I 1
(©) Algebraically, xli>n11* ©2—-1 xlg?f x—Dx+1 xgrlrl x+1 2
5—x
5025 — x2 01
@ — ® T, |s1 [so01 [s001 |5
Y M e — =S PP f(x) | 0.099 | 0.0999 | 0.09999 | Error
-1
(c) Algebraically,
im > X lim (5= x)
55725 —x2 x5+ (5 — x)(5 + x)
- _ 1
A S T 0
4 — Jx
x— 16
. 4= Jx 1
(a) Graphically, x1—1>112+ — 16 %
-0.1
10 - — T — 22
—0;2
®) X 16 16.001 16.01 16.1 16.5
fx) | Error | —0.1250 | —0.1250 | —0.1248 | —0.1240
Numerically, lim 4= Jx = —0.125.
x—l6t x — 16
(c) Algebraically,
i Y g 4= Vx
16t x = 16 w16t (Vx — 4)(Vx + 4)
= lim L -r_1
oot Jx+4 4+ 4 8



942 Chapter 11 Limits and an Introduction to Calculus

52 tim 22 V2 (ks
x—0" X
(@) z ®fc [-10 | =01 | -001|-0001]0
e, f(x) | 04142 | 03581 | 0.3540 | 03536 | 2

-2
(c) Algebraically,

g YA —ﬂ_\/x+2+ﬂ_1, (x+2) -2

= lim
x—0" X Vx+ 2+ ﬁ x—07 x(\/x + 2+ ﬁ)

1 1 2
= lim - _ Y2 3536,
=0 Ux+2+ V2 202 4
[x — 6] =2 ,
=— y 54. im —— = —1 y
53. f(x) x—6 A 53 x—2 ot
. 34
hrgf(x) =1 ot lim M _ 1
x— 2t x—=27 x — 2 1+  Oo——
o—
limf(x)=—1 t —t—+—+—+>x +—+ ———+—+—+>x
X6~ —_z—o 8 10 lim|x_2|:1 2.1 | 133456
Limit does not exist. L =2 x — 2 ‘j"
-7 Limit does not exist. 4T
1 ! . .
55. f(x) = 211 % 56. lim 21 does not exist.
. 1 . 1 2t 1
Xhﬁrrlli 211 = )}gﬁ 211 1LII’11+ E— does not exist.
1 -3 -2 -1 1 2 3 * 1
_ o . .
}(1_>m1 211 N chl—I}} 21 does not exist.
1 o1
E £
3T |
121
HRE
T 1(\1 IR

§8. lim f(x) =2(1) +1=3
lim f(x) =4—1=3
lim f(x) = 3

© Houghton Mifflin Company. All rights reserved.
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4 —x2 x<1
59.f(x):{3—x x> 1
=3

lim f(x) =4 — 1
x—1"

lim f(x) =3—1=2
x—1*

lim f(x) does not exist.
x—1

61. =]

T,

lim f(x) = 0

67. (a) Can be evaluated by direct substitution:

lim x2sinx2 = 02sin0%2 =0
x—0

60. lim f(x) =4 — 0 =4
lirr(1)+f(x)=0+4=4
lim f(x) = 4

62. g| S0 = | xsin x| 63. 6| S0 = x| sin x

/

|

/1

i i _91/\

lim f(x) = 0 lim f(x) =0

x—0 x—=0

= b SR

2 X

\
lim flx) = 0 lim f(x) = 0

. X 0
lim = =
x—=0cosx cosO

(b) Cannot be evaluated by direct substitution:

sin x2 :

lim
x—0 X

69. lim SO+ W SO _

(b) Cannot be evaluated by direct substitution.

.1 —cosx
Iim—=0
x—0 X

(See Section 11.1, Exercise 18.)

_m3(x+h)—1—(3x—l)

h—0 h h—0

h

3x+3h—-1-3x+1

= lim
h—0

3h

h

=lim—=3

h—0 h

ot ) — )

[5—6(x+h)]—(5—6x)

70. lim lim
h—0 h h—0

68. (a) Can be evaluated by direct substitution.
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- limf(x+h)_f(x)=lim Jx + h— \/;c.<\/x+h+ \/;c)
. h h—0 h Jx +h+ Jx

(x+h) —x

Y e

lim

1 1
_hao\/x+h+\/;c_2\/;c

fx+n) —flx) . x+h—2—Jx—2 x+h—2+ Jx—2

72. lim 22 Y .
pa) h k) h Jith—-2+J/x-2

x+nr-2)—(x—-2)
1m
=0 WX+ h =2+ Jx - 2]

1
= 1.
B Sxth—2+ Jxo2
_ 1
2Vx — 2
o fet+h) - f) L ((x+h)? =30+ ) — (¢ — 3x)
73. lim ————— = lim
h—0 h h—0 h

X2+ 2xh + h? — 3x — 3h — x* + 3x

= lim

h—0 h
2xh + h* — 3h
=lim —
h—0 h

=1lim 2x + h — 3) = 2x — 3
h—0

o fe+n)—fx) o [4-20c+h) — (x+h)?]—[4—2x — X
74. im——— = lim
h—0 h 7h—0 h

4 —2x —2h — x> —2xh — h>2 — 4 + 2x + x>
h—0 h

—2h — 2xh — I?
h—0 h

=lim (=2 —2x—h) = -2 — 2x
h—0

o/ xc+h+2)—1/(x+2)
lim

h—0 h

75. lim

h—0

Fot ) — £ _
h

im(x+2)—(x+h+2)
>0 h(x + h + 2)(x + 2)
= lim —h

-0 h(x + h + 2)(x + 2)

. —1
A Py
N

(x + 2)2
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1 1

76, lim TN =S o oxFhol x -
h—0 h h—0 h

IS R (R A )
=0 h(x + h — 1)(x — 1)
= lim -1
=0 (x +h—1)(x—1)
_ —1
(x— 1)

(—16(1) + 128) — (=162 + 128) . 162 — 16
= lim ————

77. lim
—1 1 —1t —1 1 —1t

16 —D@E+1)

=lm————
t—1 1 —1t

= lim —16(t + 1)
t—1

__pft

sec

s(2) — s(1) (=64 +128) — (— 162 + 128)
 — = lim

78. v(2) = lim
1—2 1—2 2 —t

162 — 64 . 16(t+ 2)(t — 2)
=lim———— = lim———~
=2 Q2 —t 12 2—t

= lim —16(¢ + 2) = —64 feet per second
t—2

79. C(1) = 1.00 — 0.25][—(t — 1)]

@ ® [ T3

" t 33 |34 |35 |36 |37 |4
204 o—e cl150|175| 175|175 | 1.75 | 1.75 | 1.75
O—=e
1.5+ O—=e
o—e lim C(7) = 1.75
t—3.5
0.5+
i NS S S
05+

©F, T2 T25 [20 [3 [31 [35 |4
cli125|150] 150 150 | 175 | 175 | 1.75

lin} C(t) does not exist. The one-sided limits do not agree.
11—
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80. C(1) = 1.25 — 0.15[— (t — 1)]

@ 3 O T3 33 [34 [35 |36 |37 |4
25+
20l cliss|170170] 170 | 170 | 170 | 1.70
1_5:_9_9_9_9_.
10+ tl—lg.ls Cc(r) = 1.70
05+
-1 12 ; a5
~05+

©F T2 Tas [20 [3 3.1 (354
Cl14 1551551551717 |17

lin} C(1) does not exist. The one-sided limits do not agree.
1—3

81. Answers will vary. As t — 2 from the left, 82. Answers will vary. As x — 1 from the left,
f(6)—39.00. As t— 2 from the right, f(¢) — 46.80. f(x) = 14.40. As x— 1 from the right, f(x) — 18.30.
83. True 84. False. The value of f at ¢ has no bearing on the
limit.

85. Many answers possible

v y
(a) " 5 r<n (b) 4sin(x— 1)
f=47 ,x# 1
6+ i 3, x>2 6+ | flx)= x—1
— 5 2 ,x=1
i
3+ o———
Pt
4
— > x
21123456
_2<>

86. Answers will vary.

87. Slope of line through (4, —6) and (3, —4): 88. Slope between (3, —3) and (5, —2):

—6+4_ _, —2-(=3) _1
4 -3 5—-3 2

. . 1 . 1

Slope of perpendicular line: 5 Line: y+1= E(x -1
1 2y +2=x—1
Equation: y+ 10 = E(x - 6) Y x
2y —x+3=0

2y —x+26=0
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Section 11.3  The Tangent Line Problem 947
3 12 4 2
. r=——— ¢ = 1, Parabol .= = == i
89. r 1+ cos 0 © , Parabola 90. r 3+ 2sn60 1+ (2/3)sin 7= 3 Ellipse
9 6
\\\ } £7E,
B :} . 15 K) 15
-9 14
9 9/2 3 4 1 1 .
L= = == 92. r = = e =—, Ell
. r 2+3cosf® 1+ (3/2)cos ¢ " 4t cosh 1 + (1/4) cos 6 €7y 1pse
Hyperbola _° 2
N )
-8 \l 'r’/ 16 -3 "/ﬂ_\ 3
7N P
-9 - 2
5 6 2 4
.= =1P 1 .= = ==
93 r=1 " gng ¢~ - Parabola A g 1-@3)smeC 3
6 Hyperbola ¢
\ / -9 et 9
-9 -'-‘f’/ 9
-6 -9
95. (7,-2,3) - (—1,4,5) = -7 -8+ 15 96. (5,5,0) - (0,5,1) =25+ 0

= 0 = orthogonal

97. —3(—4,3, —6) = (12, =9, 18) => parallel

Section 11.3  The Tangent Line Problem

98.

Not multiples of each other; neither parallel nor
orthogonal

(2,=3,1) - (=2,2,2) = =8 £ 0

Not multiples of each other; neither parallel nor
orthogonal

S+ h) - )
m=1lm"———"—"

h—0 h

provided this limit exists.

B The derivative of f at x is given by

&+ h) — flx)

fx) = lim L

B You should be able to visually approximate the slope of a graph.
B The slope m of the graph of f at the point (x, f(x)) is given by

B You should be able to use the limit definition to find the slope of a graph.

provided this limit exists. Notice that this is the same limit as that for the tangent line slope.

B You should be able to use the limit definition to find the derivative of a function.
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Vocabulary Check

1. Calculus 2. tangent line 3. secant line
4. difference quotient 5. derivative
1. Slope is 0 at (x, y). 2. Slope is —1 at (x, y). 3. Slope is % at (x, y). 4. Slope is —2 at (x, y).
gB3+h) —gB3) (B+h>—4B+h) —(=3) h*+2h
5. my. = = =
se¢ h h h
2+ +
m = imuzlimwz lim (h +2) =2
7h—0 h h—0 h h—0
+ J— —
o 1B f0) S s+ k) = g()
sec h sec h
103 +h) —2(3 + h)? — 12 =5—2(14—!1)—32—2h
- h h h
—2h — 2h? |
= ="2-2h#0 m = lim — 2

m = lim (=2 — 2h) = —2
h—0

_h(=1 4K —h(=1) _2-1+K)+5-3 2%

8. m, —
Msec k k k
m=lim%=2
k—0 k
g2+ h) —g02) [4/2+h]-2 4-22+h -2
9. m,, = = = = N
h h (2 + h)h 2+h
. -2
m=hm< >=—1
h—0\2 + h
1 1
+ h) — +h— + - -
10-msec=g(4 h)—g@4) _4+h-2 2 2+h 2 _ ho L o
h h h 2+ h)2h 22 + h)

N Y
m_111%<2(2+h)>_ 4

wom :h(9+k)—h(9):\/m—3_M+3: O+k-9 _ 1 20
k k S9+k+3 HO+k+3] VI9+k+3
m= lim—————— =+
=0 /9 +k+3 6
o :h(—1+k)—h(—1):\/m—3_\/m+3: k+9) -9 _ 1 20
see k k VE+9+3 HVk+9+3] Vk+9+73

, 1
m= i kT o 13

1
6
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949

_gxth) —gly) _4-(x+h?—(@4-x)  —2xh— K

13. = —2x—h h#0
msec ]’l h h X
m=lim(—2x — h) = —2x
h—0
(a) At(0,4), m = —2(0) = 0. (b) At (=1,3),m = —2(—1) = 2.
gx +h) —gx) (x+hP—x3 3x2h + 3xk2 + B3
14. m__. = = =
sec h h h
=32+ 3xh+h,h#0
m = lim (3x2 + 3xh + h?) = 3x2
h—0
(@ At(1,1),m = 3(1) = 3. (b) At (=2, =8),m = 3(—2 = 12.
1 1
gx+h) —glx) x+h+4 x+4 x+4)—-—(x+4+h
15.mgeC= = —
‘ h h (x+ h+ 4)(x + 4)h)
= —h = -1 h+0
x+h+dHx+dDh (x+h+dHx+4)
i -1 —1
= m =
TS+ h+ A+ 4 (x+ 42
()At(o 1) -1 1 (b) At( 21> [t
a —|,m= = — —2,—|,m= = —
4) (0+4)2 16 o) (-2 + 42 4
1 1
16 fx+h) —fx) x+h+2 x+2 GE+2)-Gx+hrh+2)
. m - = =
h h h(x + h + 2)(x + 2)
B —h
hx + h+ 2)(x + 2)
i —h -1
m = l1m =
h=0 h(x + h + 2)(x +2)  (x + 2)?

()At<ol> S ) At(—1 1)m=— =
VAT 0T 4 s T T
glx + h) — glx) x+h—1—JUx—1 x+h+1+ JVx—1

17. my, = = .
‘ h h x+h—1+ Jx—1
_ x+hrh—-1D—-—x—-1) _ 1 R0
WSx+h—T+Vx—1) Va+h—1+/x—1
m = lim ! S
—\Vx+h— 1+ Vx— 1 2Ux — 1
@ AC5,2),m =~ = (b) AL(10,3), m = — e = 1
T 2/5-1 4 T 2/10-1 6
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18 flx + h) — flx) x+h—4— Ux—4 xX+h—4+ JSx—4
.m.‘: = .
see h h Jx+h—4+ Jx—4

o xt+th -4 -x—-4)
CHVx R4+ Jx— 4

h 1
= lim =
TR it h—4+Ji-4 2Jx—4
1 1
@ At Dom = . (b) At(8,2).m = .
19. 6 20. 6 21. ‘%\4
(11
R4 -
9 \;,(17_1) 9 ; / ] 6 6
(1,0
= - —
Slope at (1, —1) is 2. Slope = 0 Slope at (1, 1) is —%.
2. : 23. : 24. ,
= (1,2)
#79’__,#(1_’_5-—-"" . k_ . %1,3)
4 5 -\_\_\_\_\ -9 f‘_'_,_,. 9
2 : ) 5 :
At (1,2), slope = . Slope at (1, 2) is —1. Slope = 3
o fatR-f) 55 N )
25. f'(x) = }llg%) h = }11% o 0 26. f(x) %11)1(1) P
—im CD=CED
h—0 h
oy e 8+ h) — glx) qy o St ) — fx)
27. g'(x) = }lllg(l) , 28. f(x) 11115(1) P
1 1
. [0 — 16+ m)] —[9 — 14 i [E50c+ h) + 2] - (=55 4 2)
h—0 h h—0 h
1
—3h 1 . —5h
- i —2— — _ 2 - ot
ST T 3 i >

29. f/(x) = lim flx + ];1) — @) _ lm [4 — 3(x + h);] — -3

_2(+2 2 2 _ _ 22
— Lim 3(x2 + 2xh + h?) + 3x — lim 6xh — 31> _ lim(—6x — 3h) = —6x
h—0 h h—0 h h—0

f(x+h)—f(x):lim[(x+h)2—3(x+h)+4]—(x2—3x+4)

h h—0 h

30. f(x) = }111_1}(1)

x2 4+ 2xh + h? — 3h — x2
= lim
h—0 h

=lim@2x+h—3)=2x—3
h—0
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© Houghton Mifflin Company. All rights reserved.

Section 11.3  The Tangent Line Problem 951
11
oy e S+ B) — f(X) iy o St ) —f) e+ R X
31.f(x)—}l1glo P 32.f(x)—%1ir(1) P = lim .
1 1 .ox> — (3 4+ 3x%h + 3xh2 + 1K)
- — = lim
et hp R h—0 h(x + h)3 %3
= lim —————
h=0 h _ iy 230 = 3an? =
i x2— (2 + 2xh + h?) h=0 h(x + h)x®
= lim
b (x + h)2xh . —3x>—3xh — h?
= i (x + h)’x3
—2x — h 2x 2
=lim — = = - _Z
h=0 (x + h)2x? x4 x3 _ =3 _ -3
x° x4
, . x+ h) — flx
5. 10 = gy 1051 =100
. x+th—4—Ux—4 Jx+h—4+ Ux—4
= lim .
h—0 h x+h—4+ Jx—4
_ x+h—4)—-x—4)
=0 Jx+ h— 4+ Jx — 4]
= lim !
=0 Jx +h—4+ Jx—4
L
2Vx — 4
, . x+h) — flx
34.f(x):}l%w
. x+h+8—Jx+8 x+h+8+ Jx+ 38
= lim .
=0 h x+h+8+ Jx+38
x+h+8 —(x+28)
= lim
=0 R x + b+ 8+ Jx + 8]
. 1
= lim
=0 Jx +h+ 8+ /x+8
-1
2Vx + 8
iy e S+ B) = f(X) iy = e fO ) = ()
35. f'(x) ;1,133) P 36. f'(x) —;111_>m0 Y
1 1 1 1
 x+h+2) x+2 o (x+h—-5 x-5
= lim = lim
h—0 h h—0 h

gt Gt R+ 2)
i h(x + h + 2)(x + 2)

. —1
M G+ )G +2)
N

(x + 2)2

(x—=5)—-(x+h-5)

Bl L Y P —
= lim -1

=0 (x + h — 5)(x — 5)
_ -1

(x — 5)?
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3. f/(x) =

38. f/(x) =

1 1 1 1
- +
+ 1) — +h— - +h— —
lim fx+n) — f(x) i h—9 x—9 Vx+h-9 x—9
h—0 h h—0 h 1 n 1
Jxt+h—-9 Jx—9

1 1
. x+h—-9 x-9) . x—9)—-—(x+h—-9)
fllm}) 1 1 :}lm(l) 1 1
- —
4 + } W+ h -9 —9[ + }
Jith-9 Ji-9 & A Ny Ry
lim —1 _ -1 O
h—0 1 1 N 2 " 2(x — 932
+h—9kx—9 + _9{444ﬁ
& )& {Jk+h—9 \&—9} A
1 1
N AC ) G N R BN
h—0 h h—0 h
i+ 1—x+h+1 Ux+1+Sx+h+1
1m .
=0 hyx+h+ 1Jx + 1 x+ 1+ Vx+h+1

. x+1)—Gx+hr+1)

lim

SO RYx + b+ I+ [Vt T+ S+ h +1]

. —1

lim

=0 xR+ I+ L [Vt L+ ]
-1

Vx+ Ix F 12Vx + 1]

—1
2(x + 1)3/2

_feth) -0
h

Q+h2-1-3

39. (a) my,

h

4+ 4h+ k-4
B h

=4+ h h#0

m=1lm @4+ h) =4
h—0
(b) y —3=4(x—2)
y=4x —5
(©)

_f+ ) = f(1)

40. (a) mg,, 3
:4—(l+h)2—3
h
_4—(1+2h+h2)—3
h
—h2—2h__

-2
N h ,h#0

m=lim (~h = 2) = -2

®) y—3=-2x—1)
y=—-2x+15
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_fa+h) = fQ1) _f@+h = fQ)

41. (a) My h 42. (a) Myec h
_ (@ +nP-20+h - (=1 _2+n-02+h-6
h h
1 +3h+32+ 3 —-2—-2n+1 :h3+6h2+12h+8—2—h—6
B h h
3 2 34 2 4
_ P+ 3h +h=h2+3h+l,h¢0 _h’+ 6h 11h
h h
m=%in})(h2+3h+l)=1 = +6h+11, h#0
—
= |1 2 =
b)) y—(=1)=1(x—-1) m }lllir(l)(h +6h + 11) = 11
y=x—2 b)) y—6=11(x —2)
y=1lx—16

(c)

_fB+nN—-fB) _V3+h+1-2 _fB+n—-fB) _V3+h-2-1

43. (a) Mo h h 44. (a) Myee h h
VAT h-2 JAth+2 VIt h-1 JT+h+1
h JEE R+ 2 h JT+h+1
- Arhod G ) e I
W[ V& +h+ 2] W[ VT +h+ 1]
1 1
= = ———— h#0
JE+h+2 JT+h+1
m=lim———— =% m=lim———— =1
=0 JA+h+2 4 =0 JT+h+1 2
1 1
b y—-2=_(x-3) (b) y—1=2(x—3)
4 2
_1.3 _1. 1
y=EETY YT T2

(© ) ©) v
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_fA ) — f(-4) R i)

45. (a) mg, 3 46. (a) mg,, A
1 . 1 1
4+ h+5 4+h-3
h h
1+4—-h-5 —1 1—4—-h+3 -1
“wat+h+s nrr 70 T e th-3) hrr 7O
m=lime = m=lims =1
b)y—1=—-1(x+4) b)y—1=—-1(x—4)
y=—x—3 y=—x+5
(o) ] (©
1
il
L 4T
.1
ey, '024 !
4D o
ol
7. 2l -5 =1 -0s5lolos |1 |15 |2

fx) |2 | 1125]05 ] 0125] 00125 |05 | 1.125 |2
fx) | -2 -15]-1]-05]0|l05 |1 |15 |2

z 109 = 4

K e

-2

They appear to be the same.

48. x -2 1 -15 -1 —0.5 0105 1 1.5 2

fx) | =2 | —0.844 | —0.25 | —0.031 | 0 | 0.031 | 0.25 | 0.844 | 2
|3 1.688 0.75 0.188 0] 0.188 | 0.75 | 1.688 | 3

1

2 flx) = 3x°

; / o fw=i
/

They appear to be the same.

-2
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49. X -2 -15| -1 -05 1|0 0.5 1 1.5 2
f) |1 1.225 | 1.414 | 1.581 | 1.732 | 1.871 | 2 2.121 | 2.236
f'x) | 0.5 | 0.408 | 0.354 | 0.316 | 0.289 | 0.267 | 0.25 | 0.236 | 0.224

3 fx) = Vx+3
L
— 0 = A=
5 ) 2Vx +3
-1
They appear to be the same.

50. X -2 | -15 -1 —0.5 0 0.5 1 1.5 2
fx) |0 —-0.7 -1 —-1071 | —1 | —0.833 | —0.6 | —0.318 | O
f@| -2 -092| —0.333 | 0.020 0.25 | 0.407 0.52 | 0.603 0.667

X 4
2 &) ="
-2 2 x>+ 8+ 4

-2

They appear to be the same.

51. f'(x) =

o LoD = fG) [ B = A+ h) + 3] = [ — 4+ 3]

h h—0 h
(x> + 2xh + h? — 4x — 4h + 3) — (x> — 4x + 3)

im

h—0 h

. 2xh+ h? — 4h .
Iim——————=lm2x+h—4=2x—4
h—0 h h—0

fr)=0=2x—4 = x=2

f has a horizontal tangent at (2, —1).

52. f'(x) =

f'x) =
f'x) =

lim
h—0

fla+h) — ()
h

(x+h?2—6(x+h)+4—(>—6x+4)

i h
. x>+ 2xh + h?2 — 6x — 6h — x* + 6x
lim
h—0 h
2 _
1m2Xh+h 6hh=2x—6
h—0 h
2x =6
0= x=3

f has a horizontal tangent at (3, —5).
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flx+h) — flx) i [3(x + h)? — 9(x + h)] — [3x® — 9x]
h h—0 h

53. f/() = lim

- 3(x® + 3x2%h + 3xh® + K3) — 9x — 9h — 3x3 + Ox
h—0 h

9x2h + 9xh? + 3k — 9h
= lim
h—0 h

= lim (9x> + 9 + 3h = 9) = 92> = 9

Fx)=0=9>-9=9x+1)x—1) = x==*1

Horizontal tangents at (1, —6) and (— 1, 6)

flx+ h) — f(x) (x+h?+3x+hn — (x*+ 3x)

s ) = iy Oy ,,
_ x>+ 3x%h + 3xh2 + kP + 3x + 3h — x3 — 3x
- h

3x2h + 3xh%> + k3 + 3h
s h

=]lig})(3x2+3xh+h2+3)=3x2+3
f(x) =3x>+ 3 =0, Impossible

No horizontal tangents

55. fx) =4 —4x=0
4xx—Dx+1) =0
x=01,-1

0,0), (1, =1),(=1,-1)

56. f(x) = 12x% + 12x?
) =0=12+ 12> = 12x*(x + 1) = 0, —1

f has horizontal tangents at (0, 0) and (—1, —1).

57.f/(x)=—2sinx+l=0 58.f’(x)=1—2cosx=0

sin —l _l

X 2 COS X )

L= T ku

6 6 T3

T m\ (57 57 T T 5 57
<6’\/§+ 6)’(6’ 6 ﬂ) (5’5_ ﬁ)’(?’?
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59. f/(x) = x%e* + 2xe* =
xeX(x +2) =0
x=0,-2
(0,0), (=2, 4e7?)

6l. f'(x) =lnx+1=0

Inx = —1

63. (a) P(r) = —0.63r> + 63.31 + 8448
(c) Using the limit definition,
P(r) = —1.26r + 63.3
P’(20) = —1.26(20) + 63.3 = 38.1.

(d) Answers will vary.

64. (a) N = 1.04p> — 81.50p + 1613.31
(©

1500

10\35 mk\%

-500

1500

-500

(d) The rate of decrease in sales decreases as
the price increases.

65. (a) V= %77;’3

m V(r + h) — V(r)

Vi) = %l—m h
— fim (4/3)m(r + h)* — (4/3)mr?
h—0 h

. (4 \FP + 3r%h + 3rk® + B3 — P
lim (-7

3") h

lim ﬂ7'r(3r2 + 3rh + h2) = 4712
h—0 3

h—0

(b) V'(4) = 4m(4)? = 201.06

(c) Cubic inches per inch; Answers will vary.

60. f'(x) =e*—xe*=0
e (1 —x)=0
1

X

(Le™)

62. f'(x) =

(b) 13.000

P’(20) =~ 38

At time 2020, the population is increasing at
approximately 38,000 per year.

(b)

1500

10¥SS

-500

—50.3 for p = 15.
—19.1 for p = 30.

Slope
Slope =

66. S(r) = 4mr?
(a) Using the limit definition, S'(r) = 8.
(b) S (2) = 87(2) = 167 = 50.27

(c) Square millimeters per millimeter
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67. s(f) = — 1662 + 641 + 80 68. s(1) = — 1612 + 120
(a) Using the limit definition, s'(f) = —32¢ + 64. (a) Using the limit definition, s’(f) = —32t.
(b) s(0) = 80, s(3) = 128 (b) Average — s(2) — s(0)
2—-0
128 — 80
Average rate of change = ————
3 56 — 120
=" = —32ft/sec
2
_ 8 _ 16 ft/sec
3 © s() = —1622+ 120 =0 = 1 = V75
(c) s'(t) = =32t + 64 = 0 = ¢ = 2 seconds s'(V75) = —3207.5 = —87.64 ft/sec
Answers will vary. (d) —32tr=-60
= — 162 + 64t +
(@ () 161 647+ 80 t= 60 = 1.875 seconds

=0 = t = 5seconds 32

s'(5) = —32(5) + 64 = —96 ft/sec (e) 150

(e) 2w /\

0

69. True. The slope is 2x, which is different for all x. 70. False. For example, the tangent line to y = x> at
(1, 1) intersects the curve at (—2, —8).

71. Matches (b). 72. Matches (a).
(Derivative is always positive, but decreasing.) (Derivative approaches — oo when x approaches 0.)
73. Matches (d). 74. Matches (c).
(Derivative is —1 forx < 0, 1 forx > 0.) (Derivative decreases until origin, then increases.)
75. Answers will vary. y 76. Answers not unique y
3+ 3
2 21
T 1
R S S B B
1 —1
-2 -2
34 _3]
1 1
77. = = y
f) X2=—x—-2 k+1Dx-2)

1
t: (0, —=
Intercep ( 2)

Vertical asymptotes: x = —1,x = 2

Horizontal asymptote: y = 0
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x—2 _ x—2
2—4x+3 (x—-3)x-—-1)

78. f(x) =

2
Intercepts: (2, 0), (0, —§>

Vertical asymptotes: x = 1,x = 3

Horizontal asymptote: y = 0

2 — x — - +
79.f(x)=xxf22=(x x2)_(x2 D b1 az2

Line with hole at (2, 3)
Intercepts: (0, 1), (—1,0)

Slant asymptote: y = x + 1

=x2—16_(x+4)(x—4)

80. f(x) ¥4 - 14 =x—4, x#* —4
Line with hole at (—4, —8)
Intercepts: (0, —4), (4, 0)
Slant asymptote: y = x — 4
i j Kk i j k
81 (L1, ) x(2,1,-1)=1{1 1 1 8. uxv=|-10 0 6| =042 0)
2 1 -1 7 0 0
=(-2,3,—-1)
i J k i j k
83. (—4,10,0) x (4,—1,0) = |—4 10 0 84. uxv=| 8 —7 14| = (—140, —46,57)
4 -1 0 -1 8 4
= 0,0, —36)

Section 11.4  Limits at Infinity and Limits of Sequences

M The limit at infinity lim f(x) = L means that f(x) get arbitrarily close to L as x increases without bound.
X—o0

B Similarly, the limit at infinity lim f(x) = L means that f(x) get arbitrarily close to L as x decreases
xX——00
without bound.

B You should be able to calculate limits at infinity, especially those arising from rational functions.

M Limits of functions can be used to evaluate limits of sequences. If f is a function such that lim f(x) = L and
. . . xX—>
if a, is a sequence such that f(n) = a,, then lim a, = L. -
n—oo
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Vocabulary Check

1. limit, infinity 2. converge 3. diverge

1. Intercept: (0, 0) 2. Horizontal asymptote: y = 1 3. Horizontal asymptote: y = 4
Horizontal asymptote: y = 4 Matches (a). Vertical asymptote: x = 0
Matches (c). Matches (d).

1 . .

4. flx) = x + " 5. Vertical asymptotes: x = *+1 6. Vertical asymptote: x = 2
No horizontal asymptote Horizontal asymptote: y = 1 Horizontal asymptote: y = 2
Matches (b). Matches (f). Matches (g).

. . .3
7. Vertical asymptote: x = 2 8. Vertical asymptote: x = £2 9. lim 5 =0
x—oo X
Horizontal asymptote: y = —2 Horizontal asymptote: y = —4
Matches (h). Matches (e).
.5 . 3+x . 2-=Tx 7
10. Jlim 5 =0 . fim 3= 12l T 73
5x—2_5 .5 —3x _ .4 -3 4
13. x—}r—noc 6)C +1 B 6 14. xkr—noc x+ 4 B 3 15. xgl;noo 2 — )CZ B —1 B 4
. 2 + 3 1 [2 4 4
16. lim — > =z 17. lim does not exist. 18. lim does not exist.
x—>—o0 5x* — 4 5 t—>oco t + y—oo yZ + 3
. 4 +3r—1 4 . 5—6x—3x> 3 . 3+8y—4y2 -4
1. im0 =573 20 Im e v +4 2 24 Im e T 72
24+ 9 —10 1 1 . —(*+3) ) —-x2—-3
cdlim ————=—=—= 23. lim ——-= 1 - = —1
2 m S  m -3 -3 3 ol Q=2 ot —dx+ 4
22— 6 2x2 — 6 X
24, lim — = lim ————— =2 .l — — 4| = = —
Rl (x — 1)? A2 = 2+ 1 25 xgrpoo [(x + 1)? 4] 0—4 4
) 2x? } 1 5t )
26. 1 T+ ——|=7+2=9 . lim|l——-———=]=0—-5=—
xinolo[ (x + 3)2 27 rllglo(fﬁﬂ r+2) 073773
3x? 1 7 3x
28. lim[ e }=7+3=7 29. y = 2
oo [2x + 1 (x — 3)2 2 2 I—x '

-4 8

Horizontal asymptote: y = —3 |~

-6
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Section 11.4  Limits at Infinity and Limits of Sequences 961
x? 4 2x 4
Ly =5 1. v = .
30 y 2+ 4 3 Y 1 —x? N
% o e .
Horizontal asymptote: y = 1 Horizontal asymptote: y = 0 O
= =
2x + 1 4 3
32. y= f—l T 33.y=1—i2
X . : \H_\_\_ . X 6 R P 6
Horizontal asymptote: y =0 [~ .} Horizontal asymptote: y = 1 \ /
-4. -5
4. y=2+ 1 6
.y < L
Horizontal asymptote: y = 2
ymp y B —— .
|
2
35 flx) =x — /x> + 2
(@) 0 1 2 3 4 s 6
X 10 10 10 10 10 10 10
fx) | —0.7321 | —0.0995 | —0.0100 | —0.0010 | —1.0x 107* | —=1.0x 107> | —=1.0 x 107°
lim f(x) = 0
X—oo
(b) 2
-6 12
—10
lim f(x) =0
X—00
36. f(x) =3x — V92 + 1
(a) 0 1 2 3 4 5 6
X 10 10 10 10 10 10 10
fx) | —0.1623 | —0.0167 | —0.0017 | —1.67 x 107* | —1.67 x 107> | —1.67 x 107¢ | —1.67 x 1077
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37. f(x) = 3(2x — V42 + x)

@ |10 10!

10?

10° 10*

10°

10°

f(x) | —0.7082 | —0.7454

—0.7495 | —0.74995 | —0.749995

—0.7499995 | —0.75

-5

lim f(x) = —0.75
X—>o0

38. f(x) = 4(4x — /1627 — x)

@y T [0 [ [0 100 105 [i0e
f(x) | 0.5081 | 0.5008 | 0.5001 | 0.5000 | 0.5000 | 0.5000 | 0.5000
lim f(x) = 0.5
X—o0
(b) 2
4 8
-6
lim f(x) = 0.5
X—o0o
n+1 _n . n
39.01,1—’12+1 40.a,,—n2+1 41. q, T
1325 3 123 45 12345
55717713 2°5710"17° 26 357911
lim a, = . _ : 2
noee nli>n;3 l’l2 + 1 0 nll{lgoa -
4n — 1 n? _4An? + 1
42.(1”—n_|_3 43'a"_3n+2 4. a, = o
37111519 1193825 517 37 65 101
45 677 8 5211717 2274767810
— 2 2
lim dn — 1 =4 lim 1 does not exist. lim 4n ! does not exist.
n—»co N+ 3 n—oco 3n + 2 n—oo n
_(n+ 1) _@Bn=1)! 1
45 a, =" 46- 4, = G 1 T Gn + D)
2,3,4,5,6 SRS
i+ 1) . . 127427 90" 156 240
lim = lim (n + 1) does not exist.

lim

! =

0
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47.

49.

50.

51.

S2.

—1)" -1 n+1
a, = ) 48. a, = (Vi )2
n n
IR NSRRI
9 2’ 3’ 4’ 5 b 4, 9’ 16’ 25
. -1 (=1
LU L
n 100 | 10! 102 103 10* 10° 100
a, | 2 1.55 | 1.505 | 1.5005 | 1.5001 | 1.500 | 1.500
lim a, = 1.5
1 ln(n+1)>_ i[n2+n}_ n*+n
an—n(n+n[72 ]_1+n2 > =1+ e
. 1 3
= + — = —
dma, =1+5=5
n 109 | 10! 10? 103 10# 10° 10©
a, | 20 12.8 | 12.08 | 12.008 | 12.0008 | 12.0001 | 12.0000
lim a, = 12.0
n—oco
2 2
TN STy T LS R e
" n n 2 n?l 2 n?
lim a, =4 + 8 = 12
n 100 | 10! 10% 103 10# 10° 100
a, | 16 | 6.16 | 54136 | 5.3413 | 5.3341 | 5.3334 | 5.3333
lim a, = 5.33
n—oo
_ L6[n(n + 1)2n + 1)] _ <§\n(n +1)2n + 1)
noop 6 3) n’
Jm a, =3
n 100 | 10! 10% 103 10* 10° 10°
a, | 1 0.7975 | 0.7550 | 0.7505 | 0.7501 | 0.7500 | 0.7500
lim a, = 0.75
n—oo
_nnt+1) i[n(n + 1)}2 _n’tn <1>(n2 + n)?
n n? n* 2 n? 4 n*
, 1.3
dma, =1-3=%
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53. (a) Average cost = C = % = 13.50 + ‘Bxﬂ 54. C = 1.25x + 10,500
— — 1
(b) C(100) = $471 (a) Average cost = C = % =125+ @

5S.

57.

59.

61.

63.

T(1000) = $59.25
(¢) lim C(x) = 13.50

As more units are produced, the fixed costs
(45,750) become less dominant.

(a) s

J,««"’

ol .. . ... .14
60

(b) For 2004, t = 14 and E(14) = 72.0 million.
For 2008, t = 18 and E(18) = 73.8 million.
0702

(© Hm B0 = 5000 =7

The enrollment approaches 78 million.

(d) Answers will vary.

x*+1 .
False. f(x) = does not have a horizontal
asymptote.
True
1 1
For example, let f(x) = — and g(x) = —.
X X

.1 .
Then, lim — increases without bound, but
x—0 X

tim [£(2) = g()] = 0.

Converges to 0 64. Diverges
5 180

0 _._._._._._._._n_._._. 11 0 11
0 0

56.

S8.

60.

62.

65.

(b) C(100) = $106.25
C (1000) = $11.75
(c) As x—s 00, C—$1.25.

As the number of tons gets very large, the
average cost approaches $1.25 per ton.

(a) so00

[ogue ™™ trwa,

o) | —
0

(b) For 2006, t = 16 and N = 2772 thousand.
For 2010, t = 20 and N = 2696 thousand.

. 408189
(¢) lim N(1) = ~ore

=~ 2600

The number of injuries approaches
2600 thousand.

(d) Answers will vary.

False. The limit does not exist.

False

)

Two horizontal asymptotes: y = +1

Diverges 66. Converges to 6

360 7

ol g 0 1
0 0
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67. y = x* y 68. y = x°
(@) f(x) = (x + 3)* (@) flx) = (x + 2)°
(b) flx) =x*—1 ) f(x) =3 + x3
(©) flx) = =2 + x* © flx) =2 — 3x°
(d) fx) = 3(x — 4)* (d) f(x) = 3(x + 1)°

69. X2+ 2x+1
X2 —4)x*+ 203 — 32 — 8x — 4
x* — 4x2
2%+ x2
2x3 — 8x
x? —4

X+ 23 =32 -8 —4=x2 -4+ 2x + 1)

70. 2x3 4+ 4x2 — 2x— 8
X2 —2x+1)2%° - 83 + 4x -1
2x° — 4x* + 2x°
4x* — 10x3

4x* — 83 + 4x?
—2x3 — 4x> + 4x
—2x3 + 4x* — 2x
—8x2+ 6x—1

—8x2 + 16x — 8
—10x + 7
2x° — 83 + 4x — 1 —10x + 7
p— 3+ 2 _ +
2 —2x+ 1 Ay
71. X3+ 5x2 -3
3x +2)3x* + 17683 + 1022 — 9x — 8
x4+ 243
15x3 + 10x2
15x3 + 10x2
—9x — 8
—9x — 6
-2
3x4 + 17x3 + 10x2 — 9x — 8 5 -2
=X+ 52 -3+
3x + 2 S R T
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2
72. ox pllvr 14 73. f(x) = x* — x3 — 20x2 25
5x—2)10x3 + 51x% + 48x — 28 W
= x2(x> — x — 20) \/\]
10x3 — 4x°
T = 2(x — 5)(x + 4
55x% + 48x P = 5+ 4)
55x% — 22x Real zeros: 0,0, 5, —4 150
70x — 28
70x — 28
3 2 _
10x° + 51x° + 48x 28=2x2+11x+14, x;&g
5x—2 5
74. ¥° + x> — 6x = x(x* + x% — 6) 5
= x(x2 + 3)()62 - 2) 4 (\ I 4
Real zeros: 0, /2 f v
-5
75. f(x) = x> = 3x* + 2x — 6 3

2x—3)+2(x —3)
x—3)(x2+2) J

Real zero: 3 -

76. x3 — 4x* — 25x + 100 = x%(x — 4) — 25(x — 4) 150
= (2 —25)(x — 4) f\/
-9 9
Real zeros: *5,4 /
-100

6 4
77. D Q2i+3)=5+7+9+ 11+ 13 + 15 =60 78. > 52 =0+ 5+ 20+ 45 + 80 = 150

i=1 i=0

10 8
79. 2 15 = 10(15) = 150 80. kZO el 5.8791

Section 11.5 The Area Problem

B You should know the following summation formulas and properties.

1)

(a) iczcn (b) 2 _n(n+1) © iizzn(n+1)6(2n+
=1 =1

(d)E3 n(n+ 1)? (C)E(aiibi)zgaiiibi (f)ikai=kiai
i=1 i=1 i=1 i=1 i=1

B You should be able to evaluate a limit of a summation, lim S(n).
n—oco

B You should be able to approximate the area of a region using rectangles. By increasing the number of
rectangles, the approximation improves.

—CONTINUED—
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—CONTINUED—
B The area of a plane region above the x-axis bounded by f between x = a and x = b is the limit of the
sum of the approximating rectangles:
(b —a)i\([b—a
=1 + - =
nglgo Ef<a n n
B You should be able to use the limit definition of area to find the area bounded by simple functions in
the plane.
Vocabulary Check
nn + 1) A(n + 1)
1. s 2. 1 3. area
60 45 20 202(21)2
1. » 7 =7(60) = 420 2. » 3 =23(45) =135 3. 3= = 44,100
121 (60 121 5) izll 4
£l + 1)2n + 1 202(21 2 2 Y
4 St )6(” ) 5. 2(k3+2) ( WO 5000 6 S @r+n=25k+ 31
i=1 =1 =1 =1
30(31)(61) = 44,100 + 40 50(51)
=———=09455 =2 + 50
6 = 44,140 2
= 2600
2 25(26)(51)  25(26) (11) <10(11)(21)>
7. 2 = = 5850 8. - 37 -3 = 1870
;1(1 ) o 5 2 (=37 = .
nog3 1[n2(n + 1)2 n?+2n + 1
9. (a) S(n) = ;1 pri ;[ 2 } R
() | n 10° | 10! 10? 103 104 (c) li_r>n S(n) = —
Sn) |1 0.3025 | 0.255025 | 0.25050025 |0.25005
nog 1 n(n + 1) n+1
10. S - =
@ S(n) = Z = 3 .
O T w [ [ ] © lim () =3
S(n) | 1 0.55 | 0.505 | 0.5005 | 0.50005
11. (a) S(n) i3(1+,2) 3[ +n(n+1)(2n+l)] 3 6n®+9m+3 2n2+3n+7
(@ S =D> — = = — =
“on? l 6 n? 6n? 2n?
b lim S(n) = 1
O T [ [ie 100 ] 00 © Jim S)
Sn) | 6 1.185 | 1.0154 | 1.0015 | 1.00015
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< + 1 +1 3 + 4
12. (a) S(n) = (2("017)) + 3n) =z 220
= 2 n n n
®F, Tie] 10 [ 102 [105 [ 100 (©) lim S(n) =1

Sn) | 5 1.4 | 1.04 | 1.004 | 1.0004

no iz 2\(1 1[nn+ 1)2n + 1) Zn] 1 2 142 +3n+1
13. @ S = S (= + )] == += 2P I 1) =
@ Slr) ,-21<n3 n)(n) n[ on? n n? o 2" nt 1) 6n?
b lim S(n) =0
O " T [0 |10 103 104 © Jim_Stn)

Sn) | 3 0.2385 | 0.02338 | 0.00233 | 0.0002333

6@ 5= 3 [5of{)[L = 200 0] s nt 2o

n n n 2 n n

®, 10° | 10" | 102 | 10° 104 © lim S() =2

Sn) | 1 1.9 | 1.99 | 1.999 | 1.9999

15. @ S(n) = E[l _ <iﬂ<1) _ %[n _ %(n(n - 1)6(2n - 1))} o, +63f +1_ 4n? —6;1 — 1

)| n 100 | 10! 102 10° 104 (¢) lim S(n) ==
S(n) | 0 0.615 | 0.66165 | 0.66617 | 0.666617

16. (@) S) = 3, (i N 1;)(&) _ %[i n(n2+ D, %n(n + 1)2n + 1)}

= \n n*/\n n n 6
B g[4n2 + 4n N 22n% + 3n + 1)} _16n* + 18n + 2
n 2n 6n 3n?
)| n 10° | 10" | 10? 103 10* ©) li_r)n S(n) = —

S(n) | 12.0 | 5.94 | 5.3934 | 5.3393 | 5.33393

17. f(x) = x + 4,[—1,2], n = 6, width = §
Area = 3[3.5 + 4 + 45 + 5 + 5.5 + 6] = 14.25 square units

18. f() =2 —x% —1 < x < 1,n =4, width = }

Area =32 = (=3)) + 2 -0+ (2= () + 2 - 1?)
= 5[1.75 +24+ 175 + 1]

= 3.25 square units
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19. The width of each rectangle is i. The height is

1
20. Area = E[

obtained by evaluating f at the right-hand endpoint

of each interval.

26240 6

1.265625 square units

U

A

21. Width of each rectangle is 12/n. The height is

A= 5[0 )

Note: Exact area is 24.

1 1 27
16 2 16

= 3.125 square units

—+7+—+4]

22. The width of each rectangle is 3/n. The height is

)-o-

=50-0))

Note: Exact area is 18.

23. The width of each rectangle is 3/n. The height is

()
N\n/"

- 556G

24. The width of each rectangle is (2 — (—1))/n = 3/n. The height is

(o1 2)eam i)
- gl 2

Note: Exact area is 8% = 8.0625.

25. f(x) = 2x + 5, [0, 4]

The width of each rectangle is 4/n. The height is

() =o{t) 5=

n ; n
L (8i 4
= — + —
=50

—CONTINUED—

n 4 18 |20 50

Approximate area | 18 | 21 | 22.8 | 23.52

n 4 8 20 50
Approximate area | 14.344 | 16.242 | 17.314 | 17.7282
n 4 8 20 50
Approximate area | 3.52 | 2.85 | 2.48 | 2.34

n 4 8 20 50
Approximate area | 7.113 | 7.614 | 7.8895 | 7.994

n 4 |8 |20 50 100 oo

Area | 40 | 38 | 36.8 | 36.32 | 36.16 | 36
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25. —CONTINUED—

2)-20 X

. (8i 32
=500 200
i=1 i=1
2
A= lim [20+16(” t">]=20+16=36
n—oo n

26. f(x) = 3x + 1, [0, 4]

The width of each rectangle is 4/n. The height is

A= S (B ) B D) 4

n

n® +
”>+4] 28
n

n

A = lim [24(
n—oo

27. f(x) = 16 — 2x, [1,5]

("

The width of each rectangle is 4/n. The height is

f<1+%>:16—2<1+%>—14——

ul 8i\4
A~;<14 n>n
(56 320 56 32(n(n + 1
-3l B0 3o
“~ n n n
A = lim |:56 — 16(%)] =56 —16 =40

28. f(x) =20 — 2x, [2, 6]

The width of each rectangle is 4/n. The height is

f<2+ﬂ>—20—2<2+4l>—16——
n n

ul 8i\4
A~Zl<16 - n)ﬂ
(6 32\ 64 32(nlnt 1)
A~i21<n n2>_ n(n) n2<

A= lim [64 - 16(@)} =64 —

16

-

48

n?+n
2

)= 56 1t 1 )

nn + 1) nz-l—n)
BEZ ) =20+

: ) 20 16( =

n 4 8 20 50 100 oo
Area | 34 | 31 | 29.2 | 28.48 | 28.24 | 28
)+4

n 4 8 20 50 100 oo
Area | 36 | 38 | 39.2 | 39.68 | 39.84 | 40
n 4 8 20 50 100 oo
Arca | 44 | 46 | 472 | 47.68 | 47.84 | 48
nn + 1)

2
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29. f(x) =9 — x2, [0, 2]
The width of each rectangle is 2/n. The height is

@)oo

n 4 8 20 50 100 oo

Area | 14.25 | 14.8125 | 15.13 | 15.2528 | 15.2932 %6

A~ E(LS B 8%2> _ (g)n B %’n(n + 1)6(2n + 1)} _ g %[n(n + 1)g2n + 1)}
=1 [18 B %<n(n + 1)2n + 1))] 8 46

n? :18_523

A = lim

n—oo

30. f(x) = x>+ 1, [4,6]
The width of each rectangle is 2/n. The height is

. - o 4
f<4+&>:<4+§> TSR TS L
n n n

n2
ul 160 4i%\[2
~ + —+—|[=
A 2(” n n2><n>

i=1

n 4 8 20 50 100 o
Area | 57.75 | 55.1875 | 53.67 | 53.0672 | 52.8668 %

oo

. i<34 32i 871'2) _ (34>n . (g\n(n +1, (g\n(n + 1)@2n + 1)

~ n? n’ n n2) 2 n) 6
2 4 + +
_ 344 16<n ' n) N ﬂ[n(n 1)(32n 1):|
n 3 n
2 4 + + 1
A= lim [34 + 16(” ") + f(”(” 1)(32” 1)>] a4 16+5-138
nSoo n? 3 n 3 3

31 f(x) = %x 44, [-1,3]

The width of each rectangle is 4/n. The height is

EPT.A D T U  A I A | n 4 18 |20 |50 100 | oo
! n 2 n 2 n
Area | 19 | 185 | 182 | 18.08 | 18.04 | 18

) (e 2o )
nn + 1)

: >}=14+4=18
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32. f(x) = %x + 1. [-2.2]

The width of each rectangle is 4/n. The height is

4\ 1 4 2i
f<—2+;’>:7<—2+;’>+1=—’. n 418 [20 |50 |100 | oo

2 n
5145|142 | 408 | 404 | 4

A~ i(%)(%) _ i % Area

i=1

<
oo o

ul 2i\(2
33. A= 2z
Z‘lf n ,1f<n><n>
n i 1 " 2i 2
-2 [46) 1[G =216+
,—1[ n n i;, n n
1 & [4_ } 24/(6
= — —i+1 = — —i +
Sl DIEEE
+
:%[%n(nz 1) n} :2[6n(n+1) +2}
nln 2
1
=—[2(n + 1) + |
201+ 1) + ] _6( . )+4
_3n+2
~ on A=1lm |6 + 4} = 10 square units
n—oo n
+
A= 1m3n 2 3 square units
n—oo n

1 & [ 2i } 3 9
”521 n nigliz ”l]
:l[_gn(”+l)+3} :E o gn(n-l-l)
nl n 2 n n 7
=—[2n — 1] e Yt )
2 n
S - 27+ D] _ 39
A= nILH; no 2 square units A= li_r>n [6 + > (n )} = 5 Square units
n—oo n
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39.

40.

16 =2,

[L nin + 1)2n + 1)

6

n+ 1)2n+1)

n+1)2n+1)

6n?

2i\[2 = i\/1

=~ -1+ —|- 38. A= -\ =
S-1+3)00) SAIG)
ﬂI: < 21 2]2
=Y l2-(-1+2) |2 =

=1 n n

n 4 472
SRR ot
“~ n? \n n

2 n g g§ (
==31+— -= i =

n igl n* & l n? igl l 6n’
2 8nm+1) 8nn+1)2n+1) ) [
= — + — _ — =

n(n) n? 2 n’ 6 A nlggo
i [2+4n(n+1) 4n(n+1)(2n+1)]

n—oo n 3 n3
=2+4—§=g£squareunits

1 i\/1
LR

=1 n;\n

1 iV1
S

=1 n/ in
_g[pouw e

~ n nz2  nln

T & 3 3 & 1 &
I3 .3 L, 1 3

nizl nzizll "31'211 ”4zzll
_Z()_i”(""' 1)_in(n+ 1)2n + 1)_in2(n+ 1)?

nn n? 2 n’ 6 n* 4

3 + 1 1 n*(n + 1)?

—hm[7—fw — (n+1)(2n+1)—*y} 7-—
n—oo 2 n? 2n3 n* 4

[ On(n +1) 27nn +1)2n+ 1) 2702 + 1)2]
=—|63n — — —

2n 6n? 4n3
27(n + 1) 27n + 1)2n + 1)  81(n + 1)?

= 189 - 2n B 2n? B 4n?

2In+1)  27(n+ 1)2n +1)  8l(n + 1)2] 513
2n 2n? 4n?

= lim [189 -

+2n]

+2

7
+ 2] = 3 square units

1 17

- — = T square units

T square units
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41. A ~ Zg(}i)(i) 2.4 = ;1 g(%)(%)

I
s
[
[N}
PO
S [~
~—
|
/O~
S [~
~
w
| E—
/O~
S =
~
Il
—
i
RS
S|
~
|
—
3R
~ —
w
| —
PO
SN
~

_rafz 1 168 162
==>|Zi— i =—=>i——353
=L = n =
- l[g nin+1) 1 nn+ 1)2} 16nn+1) 16 n2(n + 1)?
nin 2 n’ 4 :??_;f
:”+1_(”+1)2 . nn + 1) n?(n + 1)?
n 4n? A =lim |8 o —4 g
2
A=lim[n+1—(n+1)} = 8 — 4 = 4 square units
n—oo n 47’12
=1 1 —s t
= 1 quare units
n 3i\(3
43. A = 1+ =)=
S+30)

I
b=
— ~

; n
15 & 27 & 27 &
==V 1+ =N i+ Y2
4n1=1 nzigll l’l’i 121l
15 27 (n(n + 1) 27 n( D2n + 1)
- By +Z
4n 2n? 2 n’ 6
15 27 + 1
A = lim [— Pt D) O i yan + 1)]
n—oo| 4 4  n?

15,217,951 t
4 4 4 4 square llIll S

wan g2

n n

no [ 2i\? 2i\3/2
=S =1+ 2) - (=1 2) |2
=L n n n
nol 4i 4% 6i 122 83\ ]2
=S |1-—+=]-(-1+=-—F+=]|F
i=1L n n n n n’/1n
S [e o e sn
~L n n*  ndln
4 & 20 2 32 16 2
x fkd 2z _ 2PN
”Z 2:2 le ”izll
4()_@n(n-i-1)+¥n(n+1)(2n+1)_§n2(n+1)2
n 2 n3 6 n* 4
. 32 2 )
lim A =4 — 10 + — — 4 = — square units

n—oo 3 3
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Section 11.5  The Area Problem 975
45. y = (=3.0 - 1079x® + 0.002x> — 1.05x + 400 iﬂo
Note that y = 0 when x = 500.
Area = 105,208.33 square feet = 2.4153 acres 100 |0
-100
46. (a) —4.089 x 107°x + 0.01615x2 — 2.6716x + 452.9286
(b) s00
0 350
0
(c) Using a graphing utility to integrate from 0 to 300 gives Area =~ 78,204 square feet.
(Answers will vary.)
47. True. See Formula 2, page 820. 48. False. n approaches infinity.
49. Answers will vary. 50. Area is approximately a triangle of base 2 and
height 3.
Area = 4; (c¢)
2 tan x ;
51. 2tanx = tan 2x = ————— 52. cos2x — 3sinx = 2
1 — tan®x
I —2sin>x —3sinx =2
tanx =0 = x = nw
2sin’x +3sinx +1=0
(2sinx + 1)(sinx + 1) =0
sin)c=_f1 :>x=7ir+2n 11777-1—271
2 6 ™6 77
sinx = -1 = x=3777+2n77'
53. (w-vju = ({4, =5) - (=1, =2)){4, =5) 54. 3u v =34,—-5) - (—1,—-2) = 3(—4 + 10)

= 6(4, —5)
= (24, —30)

55. |v|-2=V5-2

=18

56. [ulP — VP = (4> + (=5)) = (=1 + (=2))

= (16 + 25) — (1 + 4)
=36
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Chapter 11

Limits and an Introduction to Calculus

Review Exercises for Chapter 11

2.

3.

11.

13.

15.

The limit cannot be reached.

.1111}(3—)():2
2 _
ClimE—L o,

x—)l.x_l

- (@) lim [f()]° = 4° = 64

(b) lim [3/(x) — g(x)] = 3(4) =5 =7
(©) lim [/(Wg()] = (4)(5) = 20

@ tim L () —%

X—C

glv)
. 1 _ 1 _
iﬂ(2x+3)—2(4)+3—5

lim (5x = 3)(3x +5) = (5(2) — 3)(3(2) +5)

= (7)(11) = 77
2+ 1 941 10
lim = = —
13 t 3 3

6. Limit does not exist.
8 lim(®2x*+1)=3
x——1
10.

(@) lim ¥f(x) = Y27 =3

o) 1im =2 _ 3
e 18 18 2

(© lim[f() g)] = 7)(12) = 324
() lim [f(x) — 2g(x)] =27 — 2(12) = 3

11

12. lim (5x — 4) =5(3) — 4 =11
x—3
14.
+ 2) +
16. 11m3x 5—3() S _

=25x -3 502)—-3

7

-+ lim (6x — 1) v |29 [299 [2999 |3 [3001 [301 |31
The limit (17) can be reached. ) | 164 | 1694 | 16.994 | 17 | 17.006 | 17.06 | 17.6
f(x)zﬁ x |19 199 |1999 |2 2001 | 201 |21
X~ — 44X —
1 £(x) | 0.1299 | 0.1255 | 0.1250 | Undef. | 0.1250 | 0.1245 | 0.1205
/0 =3
The limit cannot be reached.
f(x)=1_xefx x | =01 | =001 | —0001]0 0001 | 001 |o0.1
R f() | 1.0517 | 1.0050 | 1.0005 | Error | 0.9995 | 0.9950 | 0.9516
lim ——— = 1
x—0 X
The limit cannot be reached.
f(x)zm x | —o01 —001 | —0.001 |0 0.001 0.01 0.1
X
() | —0.9531 | —0.9950 | —0.9995 | Error | —1.0005 | —1.0050 | —1.0536
fim =9
x—0 X

Jim (5 -2~ ) =5-2-2) ~ (-2 =5
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Review Exercises for Chapter 11~ 977
17. lim Y/4x = (—8)1/3 = -2 . lim 5—x=/5-(-1)= U6
19. lim sin 3x = sin37 = 0 20. limtanx = tan0 = 0
X—>TT x—0
. _ 2
21. lim 2e* =2e ' == 22. limlnx =1n4
x——1 e x—4
23. lim arcsinx = arcsin(—l) =_I 24. lim arctan x = arctan 0 = 0
x—>—1/2 2 6 x—0
t+2 . t+ 2 . 2=9 (1= 3)+3)
25 lim e = i e — o) 26. lim =" = lim—— ">
. 1 =1in31(t+3)=6
ot -2 4 "~
x—5 x—5 x+1 x+1)
. —_— — 28. lim ————~ = lim ———~——"——
27 sy 50 - M G5k + 10) A —5r—6 NG+ D —6)
—fm —— =1 = lim -1
=TT im1x—6 T
Cooxx—4 (x +2)x —2) X —64 (x — 4)(x* + 4x + 16)
29. lim = lim 30. lim =1
=2 x3+ 8 ->—2(x+2)x* — 2x + 4) =4 x2 — 16 x4 x—4dHx+4)
T2 o B AR 16
_xl>2x—2x+4 -, x+4
Sk _ 16416416
12 3 8
oo/ x+2) -1 11— x+2) o (1/a+x -1 1-(1+x
31. im ——F——=1lim ————— 32. lim =
x—>—1 x+ 1 == (x +2)(x + 1) x50 x =0 x(1 + x)
o —x+1) —x
B x1—1>r£11 ()C + 2)(.X + 1) }r]l)r})x(l + _x)
= lim — =
—-1(x +2)
33, i Vadtu—2 . Véd+u—-2 J4+u+2 4. 1 Jv+9-3 Yv+9-3 Jv+9+3
. lim = lim . . lim ————— = lim .
u—0 u u—0 u /4 +u+2 v—0 Vv v—0 V /v +9+3
T i 9 =9
= lim
u=0 u(\/4 +u+2) W50 V[«/v +9 + 3]
1 1
=lm ———=— = lim <
u—0 J4 + y + 2 4 galt /V+ 9+ 3 6
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Jx—1-2 VX — —2-\/x—1+2

35')1(1% x—5 :)lclg; x—35 Jx—1+2
= i ¥~ D=4
=5 (x = 5)(Vx— 1 +2)

1 1 1
=i - - =
s Sx—142 2+2 4

36 hmf— \/x+2:hmf— Vit2 3+ /x+2
C xSl 1 —x x—1 1 —x 3+ Sx+2
— tim 3—(x+2)
=1 (1= x)(V3 + Vx+2)
= lim ! _ 13
w3+ Jx+2 23 6
3. @ k“ ® T [0 299 |3 300 | 3.1
. ﬁ . F() | 0.1695 | 0.1669 | Error | 0.1664 | 0.1639
)
lim == 31
xl—Ig x2 - 9 N 6
38. (a) — (b) x | 3.99 3.999 4 4.001 4.01
10 5 v, | 0.12516 | 0.12502 | Error | 0.12498 | 0.12484
-5
i 4—-x l
Wie— 2 8
39. (a) 6 (b) Answers will vary.
. —J 0 x | —0.1 —0.01 —0.001 | O 0.001 | 0.01 0.1
v, | 485 E8 | 7.2 E 86 | Error Error | 0 1E—-87|21E -9
6
lim e~2/* does not exist.
x—0
40. (a) : (b) x | —0.01 | —0.001 | O 0.001 | 0.01
-6 6 v |0 0 Error | O 0

. _ 2
lim e 4/¥ =0
x—0
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Review Exercises for Chapter 11~ 979
41 (@) - ® Ty T -01 | -001]-0001 [0 [ooo1 o001 [o1
vy | 1.9471 | 1.9995 | 1.999995 | error | 1.999995 | 1.995 | 1.9471
- O 8
A
. sin4x
;lclg(l) 2 2
42. (a) —+ (b) X —0.01 | —0.001 | O 0.001 | 0.01
¥, | 2.0003 | 2 Error | 2 2.0003
e i E
]
. tan2x
lim =2
x—0 X
4.@ ® e T 101 | 1.001 | 1.0001
]
B e f(x) | 05680 | 0.5764 | 0.5773 | 0.5773
2
i YA =VE o
x—1" x—1
(Exact value: ?)
4. @ : (b) X 1.1 1.01 1.001 1.0001
- 4 f(x) | —0.4881 | —0.4988 | —0.4999 | —0.5000
—
2
1= 1
lim = —=
x—=1t x — 1 2
_ =3 8 =
45. f(x) = T_3 A 46. xll)l‘élﬁ S 1 1
Limit does not exist 7 .18 = x| a1
24 lim — = —1
because L o -8+ 8 — x 21
xlggf(x) = land — " lim |§ — does not exist, 2+
2+ x— - X
. _ N 41
Jim f() = - 1.
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47. f(x) = y 48. lim = ! L
) x> —4 4 Tas3x2+ 9 (=3)2+9 18
Limit does not exist. Y
0.30+
N 025+
0.20+
0.15+
FE RS
-0.10+
. x—=5 . . x+2
49. lim | does not exist. y 50. lim u = —1 y
x—5 X — x—>—-2" X + 2 4
61 1
1 T 3l
4 i { 1
2t x—=2% x + 2 o—_t
LI AL S S . |x + 2| S 43 - Loz
27 lim does not -
Nl x—=-2 x+2 2+
exist. 3T
-6+ 4+

51. lim f(x) does not exist.
x—2

53. Llino W

sa. fim T S _
h—0 h

55. Slope = 2

Answers will vary.

[+ B~ fe)

52,

+— > x
—2—1]4123456

lim /() = ~4
lim () = 6

lim f(x) does not exist.
x—0

m3(x+h)—(x+h)2—(3x—x2)

h—0 h

3x + 3h — x2 — 2xh — h? — 3x + x2

= lim
h—0 h

=lim (3—-2x—h) =3 — 2x
h—0

m
h—0 h

[+ hn)?2 =5+ h) —2] — [x2—5x — 2]
lim
h—0 h

2xh + h?> — 5h
im——
70 h
lim[2x+h—5]=2x—5
h—0

56. Slope = 0

3h — 2xh — h?
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Review Exercises for Chapter 11~ 981

57. 4

4

Slope at (2, f(2)) is approximately 2.

._,_,_.-'""-‘
2,2
& _‘_'_'_,_,_,—;7""" ( ) 6

-2

Slope is 1 at (2, 2).

\_

2, -3)

61. 10

-10

At (2, f(2)) = (2, —3), the slope is approximately

—1.5.
+ —
63. m = lim f—(x h) = f @)
h—0 h
. x4+ h)? =4+ h) — (- 4x)
= lim
h—0 h
o X2+ 2xh + W2 — 4x — 4h — x* — 4x
= lim
h—0 h
. 2xh+ K2 — 4h
=lim ———
h—0 h

=lim (2x + h — 4) = 2x — 4
(a) At (0,0), m = 2(0) — 4 = —4.
(b) At (5,5),m = 2(5) — 4 = 6.

4 4
+h) — +h - -
65. m = lim L HW S0 L xth=6 x=6

h—0 h h—0 h

4x — 6) — 4(x + h — 6)

58. At(2,£(2)) = (2,2). ]

Slope = —4 / \(2. 2
-9 9

60. At (2,£(2)) = (2,3). 7

Slope = %

62. 4

2. 0
N
-4 '//78

At (2,f(2)) = (2, 1), the slope is approximately 1.

—4

fe+h) = f)
h

/AR = (/4
h—0 h

64. m = lim
h—0

L (/AL + 4% + 60K + 4l + I — ]
= l1mm
h—0 h

1
= lim —[4x%3 + 6x2h + 4xh?® + h3] = %3
h—0 4

b At(1,3).m=01)3=1

QR i S PR —2
. —4h
TS G+ h— 6)(x — 6)h
i —4 -4
TG+ h -6k —6) (x— 6
—4 4
@ At(7,4),m = T~ H (b) At (8,2),m = G o "
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+h) —
66.m=limu
h—0 h
i Y2 - Jx Jx+h+ Jx
= lim .
h=0 h Vx+ht Jx
. (x+h) —x
= lim
h=0 h[\/x +h+ \/;c:|
. 1 1
= lim =
=0y +h+ Vxo 2x
(a) At(1,1) ! ! (b) At (4,2) ! !
a 1), m=——==—. J2),m=——==—,
2J1 2 2/4 4
iy o St h) —f) . 5—5 gy g 8+ h) — g(x)
SO Ty 7° 68 £ =l =
_ -3-(=3) . 0_
R = jm, =0
oo h(x + k) — h() qoy o S+ ) — )
69. h'(x) —111_% . 70. /(x) IILI’%) \
1 1
5=+ n)] -5 -4 C3(x+ h) — 3x
= lim = lim =3
k=0 k h—0 h
1
oy 2k 1
i e T 2
iy - 8+ ) — g(x)
71.g(x)—}lll_r)r(1) .
2 _ _ 2 _
— lim 2(x + h) 1—2x2—1)
h—0 h
. 2x2 4+ 4xh + 2K% — 222
= lim

h—0 h

= lim (4x + 2h)

h—0

= 4x

flx + h) — flx) _ lim_(x +h)? +4(x+h) — (—x° + 4x)
h

72. fx) = }}E}) h—0 h

—x3 —3x%h — 3xh? — K3 + 4x + 4h + X® — 4x

= lim
h—0 h
. —=3x%h — 3xh* — K + 4h
= lim
h—0 h

= lim(—3x2 — 3xh — h® + 4)
h—0
=32+ 4
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© Houghton Mifflin Company. All rights reserved.

Review Exercises for Chapter 11

983

im fle + h) — fo)

73. f/(0) = lim .
Vit h+5—-Jir+5
= lim .
h—0 h Jt+h+5+Jt+5

t+h+5—-@+5)

=0 (1 +h+ 5+ i+ 5)

1
=0 i+ h+ 5+ Ji+5

1
2Vt + 5

i glt + h) — g@)
m———
h—0 h

t+h—3—\/t—3‘\/t+h—3+

= lim
h—0 h

(t+h—3)—(t—23)

t+h—3+Jt—3

= lim

1
lim
=0 Jt+h =3+ JVt—3
B 1
2Vt —3

_gls+h) — gls)

h

4 _ 4
_lims+h+5 s+5
a0 h

75. g/(s)

=0 h(/1+ h— 3+ J1—3)

_ 1m4s+20—4s—4h—20
=0 (s + h+5)(s+ 5h
= lim —4h

=0 (s + h + 5)(s + 5)h
= lim —4

=0 (s + h + 5)(s +5)
4

(s +5)2

= hmw

h—0 h
6 6

. 5—(t+h 5-—t
= lim

7h—0 h
:hm30—6t—30+6t+6h
>0  h(5—t—h)(5 —1
= lim 6

0 (5—t—h(5 -1
_ 6

5—1?
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gl ) — g0

7. g = Jim S
1 1
o Uxth+4 Ux+ 4
= jim h

. x+4—\/x+h+4‘ x+4+ Sx+h+4
=0 h/x +h+4/x+4 x+4+ Sx+h+4
) x+4)—-—Gx+h+4

lim

SORSx + b+ AJx + 4[Jx+ A+ Jxt b+ 4

-1

= lim

=0 Jx + h o+ 4Vx + 4[Vx+ 4+ Sx+ b+ 4]

I SR

(x +42Vx + 4

I S

2(x + 432

1 1
o fx+h)—f) . J12—x—h J12—x
78. /(%) _},13}) h _},1_>mo h

V12— x—-JV12—x—-h J12—x+J12—x—h
= lim .
S0 R J12—x—hJ/12—x] JI2—x+J12—x—h

C(12-x)—(12-x—-h) 1
= lim .
=012 —x —hJ/12 — x| [VI2—x+ J12 —x — A
lim !
=11
=0 /12— x — hJ/12 — x| V12 — x + V12 — x — ]
_ 1
(12 — x)2/12 — x
S S
2(12 — x)3/2
4 7 7 1
79. lim —— =~ =2 80. lim ——— = — = —
B 2x —3 2 iooo 14y + 2 14 2
. 3x . 2 .
82. lim ;=0 83. lim does not exist.
X——oo (1 —x)‘ x—oo X
. X B _ .
85. XIHBJ[(X—z)Z +3} =0+3 86. lim [2

81.

84.

2x2

e+ 12

I 2
im =
X——o0o xZ - 25
3 4
lim Y does not exist.
y—)ooy2 —+

|-2-
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Review Exercises for Chapter 11~ 985
_2n—3 _2n
87. a,= ¢ 88. a,= 57
g = 1 g = _2_ _8
9 4724 “Ta T =17
o =L a = _4 10_5
2T 14 5729 “@=3 %726 13
a, = — a, = i = E
319 37100 5
. 2 lim a, = 0
lim an = — n—oo
Pl 5
— n — n+1
89. an=( 1) 90. an=( l
n- n
1 1
a; = —1 a4:a a =1 042—2
_1 _ _ 1 _1
@273 %= 725 A =3
a = L _1
3 27 a3 3
lim a, =0 lim a, =0
n—oo n—oo
1 3 n+1 4 6
ca,=55[3 - + )] =75 - La,=2+=(n—-1)——-=4--
9. a, =7 5[3 = 2nln + ] =5 p 92. 4, =2+ n—1)——=4—-
—0.5, —1.125, —1.166, —1.15625, —1.14 L0514
lima,=0—1=—1 25
e . . 6
lim a,= lim {4 ——| =4
n—oo n—oo n
4i2 i\l 4 12
93. (a) E (; — ;); = 212 = El (b) | n 100 | 10! | 107 10° 10*
! - ! S(n) | 3 099 | 0.8484 | 0.8348 | 0.8335
_4nn+1)@n+1) 1 ak+1)
n’ 6 n? 2

(c) lim S(n) = %

_ 4n(n + 1)2n + 1) — 3n%(n + 1)

6n3

_ nn + 1)(8n + 4 — 3n)

6n3

_(n+ 150+ 4)
B 6n?
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o Bl GG e g

i i

12n(n+1) 27 n%n+ 1)

) n* 4
24n% + 24n — 27(n2 + 2n + 1)
4n?
—3n2—30n—27 -3
=—(n + 10n +

4n? 4n2(n O +9)
—3n+1)n+9

4n?

b
®) n 100 | 10! 10? 10°

. 3
0| @hmsg

S(n) | —15 | —1.5675 | —0.8257 | —0.7575 | —0.7508

95. Area%%(%+3+%+2+%+1)
=3 =F=0675

97. flx) = 2b—at—4—0—4

96. Width of rectangle: i

Height is f evaluated at right endpoint

+£(3) + f1)
4@ +a-0GF+a-G+4-1]

Area ~ [ (3) + £(3)

=il15 - g = 5 = 353125

n

!
I\g!
kh

4= 35)G)

Approximate area | 7.5 | 6.375 | 5.74 | 5.4944

I
TnA=
Sl g
I/
3|
~

]
PO
S &
~

(Exact area is 1?6 =~ 5.33.>

99. A = lim 3 (10 - 1—0’)(10)

n

n 4 8 20 50

Approximate area | 10 [ 10.5 | 10.64 | 10.6624

(Exact area is 10%.)

n—)ool.zl n
100 & 100 &
= i AUV | — — .
"gg’f n izl n? izl l}
100 100 n(n + 1)
= lim 7(11) -\
n—oo| 2
[ +1
= lim| 100 — 50 Lz)]
n—oof n

= 100 — 50 = 50, exact area

© Houghton Mifflin Company. All rights reserved.



© Houghton Mifflin Company. All rights reserved.

Review Exercises for Chapter 11~ 987

1 3i 3 1 3i\2 3
100. A = lim 2<3 + —’) - 6}(*) 101 A = lim Y [(—1 + —’) + 4](—)
n—oo &b n n n=ee 12 n n
I8 18y o 6i . 9”13
_"1£2’ igl ? _”lgg’ﬁz:l l _"linolo ,-21 [5 a ; * ?};
18 n(n +1) 15 & 18 & 27 & .
:,,1523; 5 =9 exactarea =nlggc[nlll _”2121[+”3i21lz}
o [15 18n(n+1) 27nn+ 1H2n+1)
= lim|—(n) — — + =
n—oo| N n2 2 }’l3 6
=15—-9 4+ 9 =15, exactarea
102. A = li 2 8<<i> (i>2>1 103. f(x) =% + 1, [0,2]
o = 1m - — |- — . = s s
n—oo & n n n * *

The width of each rectangle is 2/n. The height is

2 _ (), |
~ im [%n(n +1) _%n(n + 1)(2n + 1)} f<n>n (Z,'>3+1 ,
R a=3[G) )
3

Il
e
—
Floe
M=
|
S
\g
I

(8P )

4
E(n +1)2+2

Azlim[iz(n+1)2+2]=4+2=6
n—oo | N

104. f(x) =1 —x3, [—3, —1]
The width of each rectangle is 2/n. The height is

f( 3+2l>=1—< 3+2’>
n n

2 3
Y Y VU I
n "
< 2
2[28 - +§z 831'3}(7)
< n n
_ E( ) — 108 n(n + 1) N 72n(n +1)2n +1) 16 n*(n + 1)*
n n? 2 n’ 6 n* 4
+ + + 2n + 1)
A= lim [56 _ 54 n(nn2 1) + 1 n(n 1)(32n 1)  4n (nn4 1) }
n—oo .

=56 —-54+24—-4=22
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105. f(x) = 3(x* — x?), [1, 3]
The width of each rectangle is 2/n. The height is

o2 -2

6i | 24i% 24
==+ =+ =

n n? 3"

nl6i  24i 241‘3}(2)
A=Y+ T (2
,21[” n? n* \n

12 n(n + 1) N 48nn + 1)2n + 1) N 48 n*(n + 1)

n

n? 2 n’ 6 n* 4

+ + 2(n + 1)

A= lim [6+8”(” 1)(32" 1)+12”("4 1)}
n—oo n n

6+ 16 + 12 =34

106. f(x) =5 — (x + 2)%, [—2,0]
The width of each rectangle is 2/n. The height is

-2+F)=s-[(-2+%)+2f

_5_ 42
n?’
" 4i2<2) "[10 8.}
A= — =) = -2 =52
i21|:5 ”2} n iZI noon'
_ .. |10 én(n+l)(2n+l)]_ 8 _22
A—nlggo[n(n) n3 6 =10 33
107. (a) y = —3.376 x 1077%3 + 3.753 x 1074 x% — 0.168x + 132.168 (b) 10
(c) Area = 88,868 square feet; answers will vary. R
0 1000
0
108. True (assuming all the limits 109. False. The limit does not exist. 110. Answers will vary.

exist)
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Practice Test for Chapter 11~ 989

Chapter 11  Practice Test

1. Use a graphing utility to complete the table and use 2. Graph the function
the result to estimate the limit it d -2
x—3 flx) = X
lim — .
x—=3 x> —9 . .
and estimate the limit
X 291299 |3 |3.01]3.1 lim Vxt+4-—2
im——.
f(x) 9 x—0 X
. o . . . o= .
3. Find the limit hn% e*~ 2 by direct substitution. 4. Find the limit hn} P analytically.
X—> X J—
5. Use a graphing utility to estimate the limit 6. Find the limit
. sin 5x e+ 2
lim ——. lim .
x—=0  2x -2 x+2
7. Use the limit process to find the slope of the graph 8. Find the derivative of the function f(x) = 3x — 1.

of f(x) = /x at the point (4, 2).

9. Find the limits.

@ lim = 0 Jim - © Jim

a xlﬁlglc X4 A—}I—noo x2 +3 ¢ an;: -
— n2

10. Write the first four terms of the sequence a, = 2+ 1 and find the limit of the sequence.

25
11. Find the sum Y (i + i).

=
n i2
12. Write the sum E — as a rational function S(n), and find lim S(n).
n n—oo

i=1

13. Find the area of the region bounded by f(x) = 1 — x? over the interval 0 < x < 1.



